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Abstract
The eponymous Dirac equation originated in 1928 as a classic attempt to provide the complete theory of a relativistic quantum electron. Weyl, Majorana and Dirac fermions, which are
relevant in particle physics have also recently also sprung up in condensed matter physics. It has
been realized that some condensed matter systems can host novel fermionic quasiparticle excitations
in direct analogy to Weyl, Majorana and Dirac fermions. More interestingly when the band structure topology of some of these systems becomes non-trivial, they can be classified as topological
condensed matter systems. In this thesis we will discuss non-trivial topological features of metals
and superconductors, and their manifestation as anomalous responses which can be tested in experiments. Some peculiar response properties of these systems which will be the focus of this thesis
are optical activity, thermoelectric Nernst effect, polar Kerr effect, and differential tunneling conductance. We also propose Ising superconductors as a potential platform for realizing topological
superconductivity which can host Majorana fermion excitations in the Yu-Shiba-Rusinov band.
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Chapter 1

Introduction
In 1928, Paul Dirac published his equation [1], which was intended to provide a complete
quantum theory of a spin-1/2 electron, synthesizing special relativity and quantum mechanics. The
eponymous equation reads

i~

∂
ψ = (cα · p + βmc2 )ψ
∂t

(1.1)

In Eq. 1.1, ψ is the four-component spinor, p = −i~∇ is the momentum operator, c is the speed
of light, and m is the mass of the particle. The objects α and β are four-component Dirac matrices
(also known as gamma matrices), which are all hermitian and obey the following properties

αi2 = β 2 = I4

(1.2)

{αi , αj } = 0; ( i 6= j)

(1.3)

{αi , β} = 0,

(1.4)

where {a, b} = ab − ba, is the anti-commutator, thus generating Clifford algebra. It is possible
to write the Dirac matrices as the kronecker product of the more familiar two-component Pauli
matrices. One such representation is α = (τ3 ⊗ σ1 , τ3 ⊗ σ2 , τ3 ⊗ σ3 ), and β = −τ1 ⊗ σ0 , where σ
and τ are Pauli matrices. The Dirac equation admits solution with positive as well as negative energy
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p
E = ± p2 c2 + m2 c4 . Negative energy solutions were interpreted by Dirac as anti-particles, which
lead to the prediction of positron (electrons anti-particle). Positron was soon discovered four years
later, and this was in fact, the greatest success of Dirac’s equation.
A simplification of Dirac’s equation occurs, when the particle is massless. In the representation α = τ3 ⊗ σ, the α is block-diagonal, however the mass term β = −τ1 ⊗ σ0 couples the two
blocks to each other and is thus off block-diagonal. When m = 0, the Dirac equation becomes the
Weyl equation [2], and can be written as

i~

∂
χ± = ±cσ · pχ± ,
∂t

(1.5)

where χ± are now called Weyl fermions. Ettore Majorana noticed that it is possible to write the
Dirac equation (Eq. 1.1) entirely using real numbers [2]. One possible representation is α = (−τ1 ⊗
σ1 , τ3 ⊗I2 , −τ1 ⊗σ1 ), and β = τ1 ⊗σ2 . Now, the Dirac equation describes a particle which is it’s own
anti-particle ψ † = ψ, also known as the Majorana fermion. Majorana and Weyl fermions, which
emerge from constraining the Dirac equation, are still unknown to exist as elementary particles.
Twin concepts of helicity and chirality which emerge in the context of particle physics [3],
also have relevance to Dirac fermions. Helicity is determined as the projection of the spin vector
s on the direction of the momentum of the particle h =

p·s
|p||s| .

For a spin-1/2 particle, s = σ/2,

so h commutes with the Weyl Hamiltonian Hp = cp · σ. For a spin-1/2 fermion, the two possible
eigenvalues of the helicity operator h are +1 or -1. We call +1 as right-handed and -1 as lefthanded fermion. Chirality, on the other hand is defined in terms of projection operators PL and PR .
Conventionally we define, PL = 21 (1 − γ5 ), and PR = 21 (1 + γ5 ), where γ5 = iγ 0 γ 1 γ 2 γ 3 , for the
Dirac Hamiltonian (Eq. 1.1) written as H = γ 0 (γ i pi c + mc2 ). A Dirac spinor ψ, can be written as
the sum of ψ = ψL + ψR , where ψL = PL ψ, and ψR = PR ψ, are the left-chiral and right-chiral
components. Further, PL ψL = ψL , and PR ψL = 0. For a massless particle, which is governed
by the Weyl equation, the chirality and helicity quantum numbers coincide, and therefore are often
used interchangeably.
Dirac equation was intended to describe a relativistic electron. Relativistic effects become
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dominant in particle physics where the energy scale is of the order of GeV, however they become
unimportant in condensed matter. However, quasiparticles with Dirac like dispersion can arise in
non-relativistic condensed matter, which we shall discuss shortly.

1.1

Dirac points in condensed matter
The Bloch Hamiltonian for a solid-state system can in general result in an arbitrary band

structure with energy spectrum En (k), and eigenstates |φn (k)i, where n is the band-index and k is
the crystal momentum. We now take into consideration two energy bands E1 (k) and E2 (k) such
that the energy difference between them |E1 (k)−E2 (k)| is small for some range of k. One can then
derive an effective Hamiltonian Heff for these two bands which mimics the original band structure.
Heff =

X

ψk† H(k)ψk

(1.6)

k

Note that for the two band effective Hamiltonian ψk has to be a two component spinor (it does not
mean necessarily that they represent spin degrees of freedom) and H(k) is a two component matrix
which can be expanded in the basis of standard Pauli spin matrices

H(k) =

3
X

gj (k)σ j (k)

(1.7)

j=0

The corresponding band dispersion will be given by
3 q
X
gj (k)gj (k)
E± (k) = g0 (k) ±

(1.8)

j=1

To obtain a massless Dirac-like dispersion, firstly the bandgap must close for some value of k = k0 .
From the expression for band energies it is clear that it can only happen when for some value of k0 :
g1 (k0 ) = g2 (k0 ) = g3 (k0 ) = 0. If this is possible, then one can later linearize the spectrum around
the Dirac point k0 to obtain an linearized Hamiltonian similar to Eq. 1.1 (however without the mass
P
term) Hk = ~ vij ki σj , where vij is the Fermi velocity tensor.
ij
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Figure 1.1: Three intersecting surfaces corresponding to the equations g1 (k0 ) = g2 (k0 ) =
g3 (k0 ) = 0 in the Brillouin zone with Dirac points depicted by the two yellow dots occurring
at the intersection of the curves.
In 3D, the equation gi (kx , ky , kz ) = 0 represents a 2D surface in the Brillouin zone. Two
such surfaces corresponding to g1 (kx , ky , kz ) and g2 (kx , ky , kz ) can intersect to produce a line. The
third surface g3 (kx , ky , kz ) may now intersect at distinct points without the need of fine-tuning as
depicted in Figure 1.1. In 2D, we now have three curves intersecting at the same points which is
in general an impossible condition to reach without any fine-tuning, thereby the two levels avoid
each other and Dirac like spectrum is hard to realize in the absence of any additional symmetries
which reduce the number of independent gi ’s. If one of the functions gi = 0 in the Brillouin
zone, then the Dirac Hamiltonian becomes Hk = ~vF (kx σx + ky σy ). In solid-state, it is now
well known that the band structure of graphene [4, 5] mimics this linearized Hamiltonian at specific
K points in the Brillouin zone, where the valence and conduction bands touch each other. The
q
energy spectrum, which is given by E = ±~vF kx2 + ky2 , vanishes at kx = ky = 0. Note that kx
and ky here represent deviation from the K point. In the presence of an infinitesimal σz term, i.e.
q
Hk = ~vF (kx σx + ky σy + mσz ), the dispersion becomes E = ±~vF kx2 + ky2 + m2 , and as a
result the spectrum is gapped, with the bandgap given by 2m. In that sense, these symmetry points
are not completely robust to infinitesimal perturbations, which for example can effectively generate
the σz term in the low-energy Hamiltonian. This problem does not arise in the three-dimensional
counterpart (also known as the Weyl semimetal), and Weyl fermions are generically stable against
perturbations [6].
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1.2

Topological Weyl semimetals
In between the two extremes of conductors (which have partially filled bands) and insula-

tors (which have no partially filled bands and have a bandgap between valence and the conduction
band) lies a semi-metallic state of matter with a vanishing bandgap and slightly overlapping conduction and valence bands. The experimental discovery of graphene [4] resulted in an avalanche of
theoretical and experimental studies, as it provided physicists with a system to study unusual the
semi-metallic state with markedly different properties. The Weyl semimetal has now been added to
the list [6], which is just a higher dimensional cousin of graphene. The Hamiltonian near a Weyl
node reads
Weyl

Hk

=

X

~vij ki σj

(1.9)

i,j∈{x,y,z}

The Weyl Hamiltonian in Eq. 1.9 is associated with chirality quantum number χ = sgn[det(vij )].
Due to the fact that Weyl semimetals occur in three dimensions, they become topological objects
and are robust to small perturbations. Mathematically, there is no matrix which anti-commutes with
the Weyl Hamiltonian (as all three Pauli matrices are used) and gaps the spectrum. A Weyl point can
thus be destroyed only by annihilating it with another Weyl point of opposite chirality. The topological feature of the Weyl node can be further clarified by taking into account the associated Chern
number. Analogous to the vector potential A in electrodynamics, the Berry vector potential [7] for
a bloch eigenstate is |φk i is A(k) = ihφk |∇k |φk i. The Berry curvature, which acts like a fictitious
magnetic field in momentum space, becomes F(k) = ∇k × A(k). A Weyl node has a non-trivial
flux of the Berry curvature (also sometimes called as the Chern flux) around it:
1
2π

I
F(k) · dS(k) = χ

(1.10)

FS

Either time-reversal or inversion symmetry must be broken in the Hamiltonian of the Weyl semimetal
for a non-trivial distribution of the Berry flux to emerge. Eq. 1.10 also implies a connection between
the chirality quantum number and the Chern flux for a Weyl node. Nielsen and Ninomiya [8] showed
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that the net chirality in a lattice model of fermions should vanish, and therefore Weyl nodes always
occur in pairs in a crystal. Berry curvature is well known to produce anomalous transport responses,
much of which can be associated with the anomalous semi-classical velocity E × Ω for a Bloch
electron [9]. Such anomalous responses are also expected in a Weyl semimetal. Additionally, Weyl
fermions also exhibit another marvelous phenomena known as chiral anomaly [8]. In the presence
of electromagnetic fields E and B, the electromagnetic current jχµ satisfies
∂µ jχµ ∝ −χE · B,

(1.11)

which implies non-conservation of charge. However, Weyl fermions come in pairs, and therefore
µ
= 0, is conserved. The phenomenon of chiral anomaly is a pure quantum
the net charge jχµ + j−χ

mechanical effect, and leads to many exciting transport responses in a Weyl semimetal. Chirality is
no longer conserved in the presence of an electromagnetic field which have non-orthogonal electric
and magnetic fields. This anomaly was first discovered by Adler, and by Bell and Jackiw [10], who
were trying to explain the decay of a neutral pion into two photons, which is prohibited by the chiral
symmetry.
In the presence of an external magnetic field B, the energy spectrum for Weyl fermions
forms Landau levels. For the current scenario of linearized dispersion, the Landau levels separation
√
δ ∝ B, unlike δ ∝ B for a conventional electron gas [6]. Additionally, there is a zeroth Landau
level with a linearly dispersing spectrum, 0 = −χ~vF k · B̂ along the direction of the applied field.
This Landau level is chiral and therefore for two Weyl nodes of opposite chirality the dispersion is
opposite. These two chiral Landau levels are the only relevant ones, at least at low temperatures
and near half filling. Now on the application of a parallel electric field E, the right(left) moving
occupied states disappear from one (+χ/ − χ) chiral Landau level to the other (−χ/ + χ) chiral
Landau level occupying left(right) moving states. This is precisely how chiral anomaly manifests in
a physical Weyl semimetal.
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1.3

Anomalous topological responses
Let us consider a Weyl semimetal with one pair Weyl points of opposite chirality, which are

separated in the momentum space by δK and in energy space by ∆ (also known as the chiral chemical potential). Such a system breaks both time reversal (TR) and spatial inversion (SI) symmetries.
Field theoretic calculations suggest that such a system possesses a dynamic magneto-electric coupling [11] θ(x, t)E · B, where θ(x, t) = (δK · x − ∆ t). This magnetoelectric coupling leads to the
following anomalous charge current, in the presence of an external electric and magnetic field.

j=

e2
e2
δK × E + 2 ∆ B.
h
h

(1.12)

In the absence of TR symmetry, the spatial gradient of θ(x, t) gives the anomalous charge
Hall current. In contrast, the time derivative of θ(x, t) induces a current along the direction of the
applied magnetic field, which is known as the chiral magnetic current. A non-trivial flux of Berry
curvature in a Weyl semimetal can also lead to anomalous transport, anomalous thermoelectric and
optical responses.
Chiral magnetic effect (CME) is a novel topological response, which is possible only in a
system of Weyl fermions. Other topological materials such as topological insulators can not exhibit
CME. In Chapter 2 we will discuss our proposal for the experimental realization of chiral magnetic
effect in a Weyl semimetal, where we suggest natural optical activity as a test for CME in a inversion
asymmetric Weyl semimetal. Natural optical activity describes the rotation of plan of polarization
of the transmitted light. In the presence of time reversal symmetry, natural optical activity does
not lead to the polar Kerr effect, which describes the rotation of the plane of polarization for the
reflected light. Polar Kerr effect requires the breaking of TR symmetry. We will study Polar Kerr as
a topological response in Chapter 6.
Another transport response which is the focus of thesis is the Nernst effect. The Nernst
effect refers to the generation of a transverse electric field in the presence of a longitudinal temperature [12]. Conventionally, the Nernst effect can occur only in the presence of an external magnetic
field, which provides a transverse velocity to the electrons. However, a non-trivial Berry curvature
7

Ω, can also give rise to a Nernst response as a result of an anomalous velocity term (v = ~e E × Ω).
In conventional metals, the Nernst coefficient is usually small as a result of Sondheimer
cancellation. For example, the Nernst coefficient ν/B is 3.9nV /KT for Al, and −21.6nV /KT for
Cu. Importantly, the sign of the Nernst coefficient is not directly related to the sign of the dominant
carriers in the material. It can be either positive or negative for a electron or a hole-like Fermi
surface, depending on the detailed Fermi surface topology.
Though the conventional quasiparticle Nernst signal is known to be small, the Nernst effect
has been used as a probe for high-Tc cuprate superconductors, where vortex movement is wellknown to give rise to a large positive Nernst signal. Nernst effect in a Weyl semimetal will be
the subject of our discussion in Chapter 3. In Chapter 4, we will discuss how a Nernst response
can arise in Dirac semimetals. The Nernst effect has been used as an important probe in high-Tc
cuprate superconductors. In Chapter 5, we will discuss the Nernst effect arising from a mean field
bond-density wave in the pseudogap phase of cuprate superconductors.

1.4

Topological superconductivity
Recalling our discussion of Dirac fermions in condensed matter, we called Weyl fermions

as solutions on the Dirac equation when the mass term is absent. If the solutions are real, they
are termed as Majorana fermions. In contrast to Majorana fermions (MFs) as understood in high
energy physics, MFs in condensed matter are not elementary particles, but rather refer to collective
excitations of a complex many-body ground state [13]. However, similar to free MFs as elementary
particles, these quasiparticles are also their own anti-particles, satisfying the relation γ0 = γ0† , where
γ0 is the second-quantized Majorana operator. Strikingly different from ordinary Dirac fermions,
MFs in condensed matter obey non-Abelian exchange statistics, and thus can be braided to perform
fault-tolerant topological quantum computation (TQC) [14]. This unconventional feature has provided an added impetus to realize MFs in a laboratory, and has resulted in an avalanche of theoretical
and experimental studies.
A key mechanism required for emergence of Majorana excitations in solid-state is chiral
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p-wave superconductivity [13] (SC), in a low dimensional (d ≤ 2) system of spinless (or spinpolarized) fermions. Such a mechanism supports Majorana bound states (MBS), occurring exactly
at zero-energy, and localized at the defects of the order parameter in the system. Even though p-wave
pairing of spinless fermions has a rather unphysical Hamiltonian, there have been a host of proposals
to mimic the mean field spinless p-wave superconducting Hamiltonian in realistic systems, such as
on topological insulator-superconductor interface, cold atom fermionic gases, and superconductorsemiconductor heterostructures. Subsequent experiments have detected signatures of the existence
of these modes in semiconductor-superconductor heterostructures [15], however there has been no
unique confirmation of a MBS from these experiments. Very recently MBSs were proposed and
claimed to be experimentally observed [16], in Fe atomic chains embedded on a superconducting
Pb [110] surface.
The last two chapters of this thesis, chapter 7 and 8, are based on 1D topological superconduting systems, with MFs as excitations on the edges. The zero-energy Majorana modes occurring
at the two ends of this 1D topological superconducting nanowire can be inferred in tunneling experiments using metallic leads, where these zero-energy modes should give rise to a peak in the
differential tunneling conductance (dI/dV ) exactly at zero bias voltage. The fate of dI/dV spectra
in semiconductor-superconductor heterostructure nanowires with superconducting lead in experimentally relevant situations has been addressed in chapter 7. In chapter 8, we propose superconducting MoS2 as a system which can host topological superconductivity and MFs int he presence of
magnetic impurities. We show the existence of a topological superconducting phase in the impurity
YSR band for a dilute concentration of magnetic impurities with moments parallel to the plane of
the superconductor.
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Chapter 2

Weyl semimetals and the chiral magnetic
effect
Abstract
In an inversion symmetry breaking Weyl semimetal the left and the right handed Weyl points
can occur at different energies and the energy mismatch between the Weyl points of opposite chirality is known as the chiral chemical potential. In the presence of the chiral chemical potential,
the nontrivial Berry curvature of the Weyl fermions gives rise to the dynamic chiral magnetic effect.
This describes how a time dependent magnetic field leads to an electrical current along the applied
field direction, which is also proportional to the field strength. In this chapter we introduce Weyl
semimetals, and we derive a general formula for the dynamic chiral magnetic conductivity of the
inversion symmetry breaking Weyl semimetal. We show that the measurement of the natural optical
activity or rotary power provides a direct confirmation of the existence of the dynamic chiral magnetic effect in inversion symmetry breaking Weyl semimetals. A part of this chapter was published
as a rapid communication in Physical Review B 92, 161110 (2015).
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2.1

Introduction
After the theoretical prediction of topological insulators, and their subsequent experimental

realization, the field of topological condensed matter has grown manifold [17, 18, 19, 20, 21, 22,
23, 24, 25]. The topological order manifested in these systems is not associated with spontaneous
breaking of a symmetry, but rather can be described by a topological invariant which is insensitive
to a smooth deformation of the Hamiltonian. Usually the robust topological protection is associated
with a non-zero spectral gap in the bulk of the system, and the presence of protected zero energy
surface states is regarded as the hallmark of a non-trivial topological phase of matter. However,
recently it has been proposed that systems in three spatial dimensions, in the presence of broken
time-reversal (TR) and/or space-inversion (SI) symmetry, can also be topologically protected even
without a bulk energy gap [26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 6]. These are Weyl semimetals
(WSM) - the nomenclature based on the Dirac/Weyl equation which is used to describe their low
energy excitations [3].
A number of recent experiments have claimed to be able to observe the Weyl semimetal
phase in an inversion asymmetric compound TaAs [37, 38, 39], and also in a 3D double gyroid
photonic crystal [40], without breaking TR. Another route which can result in the experimental
verification of the novel WSM phase is to first realize a 3D Dirac semimetal and then break time
reversal symmetry by applying a magnetic field, which will split a Dirac cone into a pair of Weyl
nodes. Na3 Bi and Cd3 As2 were recently proposed to be Dirac semimetals [41, 42], and also have
been confirmed experimentally by a series of experiments [43, 44, 45, 46, 47, 48, 49, 50, 51]. In
Bi1−x Sbx for x ∼ 3 − 4% also the Dirac semimetal phase has been predicted [52, 53, 54], and
experimental signatures of realizing a WSM phase by breaking TR have been reported [55].
A simple WSM with broken time reversal symmetry can be desribed by a pair of linearly
dispersing massless Dirac fermions governed by the Hamiltonian: H± (k) = ±~vF σ · (k − K± ),
where σ is the vector of Pauli spin matrices defined in the space of two non-degenerate energy
bands, vF is the Fermi velocity, and K± are the two band touching points separated from each other
in momentum space by k0 = K+ − K− . It is essential that k0 is non-zero to ensure that the system
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breaks TR and is topologically non-trivial, in which case H+ and H− describe two Weyl fermions of
opposite chirality. The two band touching Weyl points act as a source and a sink (monopole and antimonopole) of Berry curvature, which acts as a fictitious magnetic field on the electron wave-function
in momentum space [9]. For k0 = 0, the two Weyl points collapse onto each other giving rise to
a topologically trivial (i.e with a zero Berry curvature flux) massless degenerate Dirac fermion.
The topological nature of a WSM leads to a host of interesting physics, for example Berry curvature
induced anomalous transport, namely charge and thermal Hall conductivities [57, 11, 58, 59, 60, 61]
and open Fermi arcs on surfaces [27, 62, 63, 64, 65, 66, 67, 68]. Anomalous transport phenomena,
however, have been already known to exist in a variety of systems which possess a non-trivial
distribution of the Berry curvature flux [69, 7]. In a WSM, more interestingly, each Weyl node is
chiral, with the chirality quantum number protected by a quantized flux of the Berry curvature, also
known as Chern flux, which results in another peculiar phenomenon known as chiral anomaly (or
Adler-Bell-Jackiw anomaly) [26, 32, 8, 70]. The chiral anomaly concerns with the nonconservation
of chiral charge i.e. an imbalance of charge between two distinct species of chiral fermions in the
presence of non-orthogonal applied electric and magnetic fields. Several transport signatures have
been proposed to test chiral anomaly such as negative longitudinal magenoresistance [6, 32, 71, 72]
and chiral magnetic effect[32, 74, 73] of which the former has been recently claimed to be observed
in experiments [38, 51, 75, 55].
A Dirac node can be split into two Weyl nodes by breaking either the TR symmetry or
SI symmetry. Figure 2.1 shows a linearly dispersing Dirac node split into a pair of Weyl nodes
when TR symmetry is broken, and also shows the energy-band spectrum of a lattice model of
Weyl fermions obtained by diagonalizing the Hamiltonian in Eq. 3.56. The simple model of Weyl
semimetal described in the previous paragraph by H± (k) breaks TR, however it is also possible
to realize a Weyl system when TR is intact but inversion symmetry is broken [30, 77, 76]. This
implies that the system must host more than one flavor of pairs of Weyl fermions for the vector
sum of k0 to vanish. In the SI broken Weyl semimetal, because of TR symmetry there is no Berry
curvature induced anomalous charge or thermal Hall effect in the absence of an external magnetic
field. However, in the TR broken WSM, because of a finite Berry curvature flux through any plane
12

Figure 2.1: Top: Schematic diagram for linearized band dispersion for Dirac and Weyl semimetals
(kz is suppressed). (a) A doubly degenerate Dirac semimetal (b) Transition from a Dirac semimetal
to a Weyl semimetal (represented by a pair of Dirac cones separated by a finite momentum) by
breaking of time-reversal symmetry. Bottom: Energy band spectrum for the lattice model of Weyl
fermions (kx suppressed) described in Eq. 3.56. The two band touching points occur at K± =
(0, 0, ±π/2).
intermediate between the Weyl nodes in the momentum space, the anomalous charge and thermal
Hall conductivities are non-zero [11, 58, 59, 29].
For simplicity, let us consider a WSM with one pair Weyl points of opposite chirality, which
are separated in the momentum space by δK and in energy space by ∆ (also known as the chiral
chemical potential). Such a system breaks both TR and SI symmetries. Field theoretic calculations
suggest that such a system possesses a dynamic magneto-electric coupling θ(x, t)E · B, where
θ(x, t) = (δK · x − ∆ t) [33, 86, 11]. Since δK and ∆ are respectively odd under time reversal
and inversion operations (δK → −δK and ∆ → −∆), the magnetoelectric coefficient θ(x, t) is SI
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and TR odd. This magnetoelectric coupling leads to the anomalous charge current

j=

e2
e2
δK × E + 2 ∆ B.
h
h

(2.1)

In the absence of TR symmetry, the spatial gradient of θ(x, t) governs the anomalous charge
Hall current. In contrast, the time derivative of θ(x, t) induces a current along the direction of the
applied magnetic field for the inversion asymmetric Weyl semimetal, which is known as the chiral
magnetic current (CME)[87, 88]. Recently, there has been some controversy regarding the existence
of the equilibrium CME in condensed matter systems [73, 89, 90, 91, 76]. In contrast, it is accepted
that a dynamic CME (DCME) can exist in response to a time dependent magnetic field. In particular,
the existence of the DCME has been argued in the quark-gluon plasma [87, 92], and rotating 3 He −
A [26]. Therefore it is natural to ask about the possible experimental ramifications of the DCME
in solid-state realizations of inversion symmetry breaking WSM. This question assumes even more
importance in light of the recent experimental observations of the inversion symmetry breaking
WSM, for which the anomalous Hall conductivity vanishes due to the presence of TR symmetry, and
DCME (that requires the existence of the inversion symmetry breaking chiral chemical potential) is
the characteristic signature of the topological magneto-electric effect.
In this chapter we show that the DCME current is intimately related to the natural optical
activity of an inversion symmetry breaking metal, which is also known as the optical gyrotropy
[93, 95, 96, 97, 188, 98]. The optical gyrotropy arises due to the existence of the gyrotropic current
in response to the time derivative of the magnetic field or the curl of the electric field, which are
related by the Maxwell’s equation, ∂t B = −∇ × E. We employ the following definitions of the
chiral magnetic and the gyrotropic currents

jch (q, ω) = σch (q, ω) B(q, ω),

(2.2)

jg (q, ω) = σg (q, ω) iω B(q, ω)

(2.3)

where σch (q, ω) and σg (q, ω) are respectively the complex chiral magnetic and the complex gyrotropic conductivities. The real and the imaginary parts of the σch (q, ω) respectively lead to the
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currents, which are in and out of phase with the magnetic field. By comparing two definitions we
immediately find the remarkable relation

σch (q, ω) = iω σg (q, ω).

(2.4)

In the presence of a nonzero gyrotropic conductivity, the refractive indices for the left and the right
circularly polarized light become different, which in turn causes a rotation of the plane of polarization for the transmitted light, even in the absence of a uniform external magnetic field. The amount
rotation of the plane of polarization per unit length is known as the rotary power, and the imaginary
part of the gyrotropic conductivity governs the size of the rotary power [93]. Therefore, the central
result of this chapter is that the natural optical activity can be used as a test for the existence of the
real part of the dynamic chiral magnetic conductivity of inversion symmetry breaking WSMs such
as TaAs and NbAs. Below we derive a formula for the dynamic chiral magnetic conductivity and
optical activity (rotary power) of an inversion asymmetric WSM.

2.2

Tight-binding model of inversion asymmetric WSM
Experimental systems such as TaAs and NbAs are body centered tetragonal systems which

possess twenty four pairs of right and left handed Weyl fermions, and currently there is no simple
tight binding model for describing these materials. For this reason we adopt a simple two band
model defined on a cubic lattice, which can easily capture all the physically interesting topological
aspects of an inversion symmetry breaking WSM. Our Hamiltonian is defined as

H=

X

ψk† [N0,k σ0 + Nk · σ] ψk ,

(2.5)

k

where the spin independent hopping term N0,k and the spin-orbit coupling terms Nk are respectively even and odd under spatial inversion and the Pauli matrices σ operate on the physical spin
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indices. For simplicity we only choose nearest neighbor hopping terms and obtain

Nk = tSO [sin(k1 a), sin(k2 a), sin(k3 a)],

(2.6)

N0,k = −2t1 [cos(k1 a) + cos(k2 a) + cos(k3 a)],

(2.7)

and

with t1  tSO , where a is the lattice spacing. The quasiparticle spectra are given by
En,k = N0,k + (−1)n |Nk |,

(2.8)

where n = 1, 2 is the band index. The Berry curvatures for the Bloch bands are given by
Ωn,k,a = (−1)n+1 Ωa =

abc
N · (∂b N × ∂c N).
4N 3

(2.9)

The Weyl excitations occur around the eight high symmetry points Γ: (0,0,0); M: (π/a, π/a, 0),

Figure 2.2: Left: Symmetry points in the Brillouin zone around which Weyl excitations occur. In
red the right-handed Weyl points are depicted, and in blue are the left-handed Weyl points. Right:
Illustration of the flow of Berry curvature flux from right-handed to left-handed Weyl points.
(π/a, 0, π/a), (0, π/a, π/a); X: (π/a, 0,0), (0, π/a, 0), (0, 0, π); and R: (π/a, π/a, π/a) of the
cubic Brillouin zone. In addition, Γ and M points act as the four right handed Weyl points while
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R and X points are the four left handed Weyl points. Fig. 2.2 depicts these points in the cubic
Brillouin zone. In the vicinity of these points, quasiparticles possess linear dispersion and the Berry
curvature acquires the characteristic form of a monopole (antimonopole)

Ωa = ± sgn(tSO )

ka
,
2k 3

The spin independent hopping term shifts the Weyl points in the energy space, and gives rise to
the chiral chemical potential. The linearized Hamiltonian for the low energy quasiparticles can be
compactly written as

H≈

XZ
j

3

X
d3 k †
vb,j (ka − Kb,j )σb ]ψj,k ,
ψj,k [∆j +
3
(2π)

(2.10)

b=1

where Kj s are the components of the wave-vectors of the Weyl points, and the momentum deviation
from the Weyl points are restricted by an ultraviolet cutoff Λ ∼ π/a, and the velocity components
satisfy |vb,j | = |tSO |a/~. Specifically the crossing of two bands at Γ, M , X and R respectively occur at energies ∆j = −6t1 , 2t1 , −2t1 , 6t1 . If overall chemical potential is set to zero this system
will behave as a compensated semimetal. If t1 > 0, we have electron pockets centered at Γ and X
points and hole pockets around M and R points. By choosing further neighbor spin independent
hopping the reference energies and the volumes of the Fermi pockets can be modified. Therefore
our simple tight binding model clearly explains how the energy mismatch between the Weyl points
can naturally arise in a material.

2.3

Dynamic chiral magnetic conductivity
In the presence of the electromagnetic field we need to replace k by k − eA and also

consider a dynamic Zeeman coupling gµB σ · (∇ × A), which leads to the following expression for
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the current operator (j = −e(∂H/∂k))

ja (k) = −e[∂a N0,k + ∂a Nk · σ + iγabc σb kc ],

(2.11)

and γ = gµB /e. For simplicity, we will focus on the high frequency regime (ωτ  1), where the
scattering effects due to impurities can be ignored. In this collisionless regime, the chiral magnetic
conductivity can be calculated using the following Kubo formula [87, 88]
abc
Πab (iΩm → ω + iδ, q),
2iqc

σch (q, ω) =

(2.12)

where

Πab (iΩm , q) = T

XZ
n

d3 k
T r[ja,k G(iωn , k − q/2)
(2π)3

×jb,k G(iωn + iΩm , k − q/2)]

(2.13)

is the current-current correlation function and

G(iωn , k) =

iωn + µ − N0,k + Nk · σ
(iωn + µ − N0,k )2 − |Nk |2

(2.14)

is the Greens function. In the above equations, ωn = (2n+ 1)πT and Ωm = 2πmT are respectively
the fermionic and the bosonic Matsubara frequencies, and n, m are integers.
For long wavelength electromagnetic waves, ω  vF |q| and we can ignore the q dependence of the chiral magnetic conductivity. This approximation also provides the answer for the
chiral magnetic conductivity in the presence of a time dependent, but spatially homogeneous magnetic field. Therefore, we restrict ourselves to finding the q-linear part of Πab . In the following we
choose Π12 as a function of q = (0, 0, q). After performing the trace and the Matsubara sum we
obtain the following two contributions to the dynamic chiral magnetic conductivity
σch,1 (iωm ) =
2e2 γ 2

P2

n=1

R h n0F (En ) k·Nk k3 ∂3 En
k

T [(iωm )2 −4|Nk |2 ]

−

(−1)n nF (En ) k·Nk k3 ∂3 N0,k
|Nk |[(iωm )2 −4|Nk |2 ]

n

1−

2(iωm )2
(iωm )2 −4|Nk |2

oi
(2.15)
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σch,2 (iωm ) =
4e2

P2

n=1

R

|Nk |3
k



n0F (En ) Ω3,k ∂3 En
T [(iωm )2 −4|Nk |2 ]

−

n

(−1) nF (En ) ∇N0,k ·Ωk
|Nk |[(iωm )2 −4|Nk |2 ]

+

(−1)n nF (En ) (iωm )2
|Nk |[(iωm )2 −4|Nk |2 ]2


× 2Ω3,k ∂3 N0,k ,
(2.16)

which respectively arise from the dynamic Zeeman coupling and the underlying Berry curvature.
These two equations constitute our main result, and can also be applied to a generic inversion
symmetry breaking metal. After an analytic continuation to the real frequencies, we obtain the
complex chiral magnetic conductivity.
Now we apply these formula for evaluating the chiral magnetic conductivity of a WSM
with a finite chiral chemical potential. For simplicity now we use the continuum Hamiltonian, as
described by Eq. (2.10). The entire expression now depends on the derivative of the Fermi function,
which at zero temperature reduces to a delta function, and the dynamic chiral magnetic conductivity
for this model becomes

σch (ω) =

e2 sgn(tSO ) X
(−1)(K1,j +K2,j +K3,j )
3π 2 ~2
j
!
2
2
γ µj
µ3j
× 1+ 2 4
,
~ |v|
(~ω + iδ)2 − 4µ2j

(2.17)

where µj = µ + ∆j , and µ is the conventional chemical potential, |v| = |tSO |a/~. Notice that
the imaginary part of the σch only appears when the frequency is tuned exactly at the effective
chemical potentials µj of the Weyl quasiparticles. Even though we obtain a finite chiral magnetic
conductivity by setting ω = 0 in Eq. (2.17), this answer does not constitute an equilibrium CME.
For the equilibrium CME, we have to first set iωm to be zero in Eq. (2.12) [76]. On a general ground
we anticipate the low frequency dynamic chiral magnetic conductivity obtained from Eq. (2.15) and
Eq. (2.16) to be considerably modified by various relaxation processes. In contrast, there is an
universality in the high frequency regime. At frequencies much higher than the chemical potentials
of the Weyl fermions (which is quite small in TaAs and NbAs) and the scattering rate 1/τ , the chiral
magnetic conductivity is entirely real and decreases as 1/ω 2 . The corresponding asymptotic form
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is given by

σch (ω) ∼

µ3j
e2 sgn(tSO ) X
(K1,j +K2,j +K3,j )
(−1)
3π 2 ~2
(~ω)2
j
!
γ 2 µ2j
× 1+ 2 4 .
~ |v|

(2.18)

This equation also implies that the high frequency gyrotropic conductivity is purely imaginary and
decreases as 1/ω 3 .
Before determining the overall magnitude of the chiral magnetic conductivity, we first compare the strengths of the contributions from the dynamic Zeeman coupling and the Berry curvature. This is quantified by the dimensionless ratio γ 2 µ2j /(~2 v 4 ). Recent magnetotransport experiments on TaAs [94] suggest the following estimates µ ∼ 11.48meV , v ∼ 1.16 × 105 m/s, and
kF = µ/(~vF ) ∼ 1.5 × 108 m−1 . For simplicity we choose g = 2 and γ = ~/me , where me is
electron’s rest mass. Therefore, the dimensionless ratio becomes
~2 kF2
µ2
γ 2 µ2
=
=
∼ 1.9 × 10−2 .
~2 v 4
m2e v 4
m2e v 2

(2.19)

This estimate suggests that the contribution from the Berry curvature dominates over the one from
the dynamic Zeeman coupling if g ∼ 2. However, in a semiconducting system the g factor can be
substantially different from 2. In particular, along certain directions it can be an order of magnitude
larger than 2. Such an enhanced g factor can make both contributions comparable.
Now we turn to the estimation of the chiral magnetic conductivity due to the Berry curvature. For our model in the high frequency regime, this becomes

σch (ω) ∼

128e2 t31
.
~3 ω 2

For t1 ∼ 1meV and THz frequency, we find
σch ∼ 2.5 × 108 Ω−1 s−1 .
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(2.20)

In the presence of the chiral magnetic conductivity, the right and the left circularly polarized electromagnetic waves propagate with different velocities, and also possess different refractive indices [93, 99]. This gives rise to the natural optical activity which is described in terms of the rotary
power (rotation of the plane of polarization of the transmitted light per unit length) [93, 97, 101]
dθ
h
= 2 <[σch (ω)].
dl
2e c

(2.21)

where c is the speed of light in the vacuum. Therefore, the rotary power, which is a very well
known and widely measured quantity can provide a direct measurement of the real part of the chiral
magnetic conductivity. With our estimate for the chiral magnetic conductivity, we find the rotary
power
dθ
∼ 104 rad/m.
dl
This roughly implies a difference in the refractive indices for two circular polarizations to be δn ∼
0.25.
It is also important to note that the natural optical activity in the presence of time reversal
symmetry does not lead to the polar Kerr effect, which describes the rotation of the plane of polarization for the reflected light [100, 101]. Polar Kerr effect as a topological response in a TR broken
system will be a subject of our study in Chapter 6. Recently in Ref. [101], the authors have considered the possibility of enhancing the optical activity of the WSM by applying external electric and
magnetic fields in parallel, which can serve as a potential test of the chiral anomaly. Their results are
somewhat different from ours, as they have not considered an equilibrium chiral chemical potential,
and the chiral chemical potential rather emerges as a consequence of the chiral anomaly (and it is
proportional to applied E · B). In addition, the authors have not considered the role of the Zeeman
coupling either.
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2.4

Conclusions
In this chapter, we focused on the chiral magnetic effect arising from a Weyl semimetal.

Chiral magnetic effect refers to the presence of an induced current along the direction of the applied
magnetic field. Recently, there has been some controversy regarding the existence of the equilibrium
chiral magnetic conductivity in condensed matter systems. In contrast, it is accepted that a dynamic
chiral magnetic effect can exist in response to a time dependent magnetic field. However, how a
dynamical chiral magnetic effect manifests itself in an experimental system is still a very active area
of theoretical investigation, which we have tried to answer.
In this chapter, we established a direct relation between the dynamic chiral magnetic effect
and the optical gyrotropy for inversion symmetry breaking WSMs (see Eq. (2.3)). Based on this
observation we have suggested the natural optical activity or the rotary power for the transmitted
light as a direct evidence for the existence of the dynamic chiral magnetic effect for inversion asymmetric WSMs such as TaAs and NbAs. We have introduced a simple tight binding model on a
cubic lattice, which produces eight Weyl points with different reference energies or chiral chemical
potentials. Our general formula for the high frequency chiral magnetic conductivity (see Eq. (2.15)
and Eq. (2.16)), can also be applied to generic inversion symmetry breaking metals such as Li2 Pt3 B
and Li2 Pd3 B [102, 103].
The presence of a non-trivial distribution of Berry’s flux in a Weyl semimetal also leads
to many anomalous transport properties like the anomalous Hall effect, anomalous Nernst effect
an so on. In the next chapter, we will study the Nernst conductivity in a Weyl semimetal using
semiclassical Boltzmann dynamics in a TR broken Weyl semimetal.
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Chapter 3

Nernst and magneto-thermal
conductivity in a lattice model of Weyl
fermions
Abstract
In this chapter, we use semi-classical Boltzmann dynamics in the relaxation time approximation for a lattice model of time reversal (TR) symmetry broken WSM, and compute both magnetic
field dependent and anomalous contributions to the Nernst coefficient. In addition to the magnetic
field dependent Nernst response, which is present in both Dirac and Weyl semimetals, we show that,
contrary to previous reports, the TR-broken WSM also has an anomalous Nernst response due to a
non-vanishing Berry curvature. We also compute the thermal conductivities of a WSM in the Nernst
(∇T ⊥ B) and the longitudinal (∇T k B) set-up and confirm from our lattice model that in the
parallel set-up, the Wiedemann-Franz law is violated between the longitudinal thermal and electrical conductivities due to chiral anomaly. A part of this chapter was published in Physical Review B
93, 035116 (2016).
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3.1

Introduction
In this chapter, we work with a TR broken phase of WSM and consider its Nernst response.

Experimentally, the Nernst effect measures the transverse electrical response to a longitudinal thermal gradient in the presence of a perpendicular magnetic field. The Nernst effect has been used as
an important experimental probe in a number of physical systems such as high temperature cuprate
superconductors [104, 105, 106, 107], and charge density waves [108, 12]. Since the TR-broken
WSM has a non-zero anomalous Hall response (i.e., non-zero Hall efffect induced by the Berry
curvature even in the absence of a magnetic field) it is expected that the anomalous Nernst response
will also be non-zero. This is because, the anomalous Hall conductivity σxy and the anomalous
Peltier coefficient αxy , which measures the transverse electrical currrent in response to a longitudi2

nal temperature gradient, are related by the celebrated Mott relation, αab = − π3

2 T
kB
∂σab
e
∂µ .

In turn,

a non-zero αxy implies an anomalous (zero field) Nernst coefficient given by αxy /σxx . In recent
work [58], however, based on a linearized model of a TR-broken Weyl semimetal, the anomalous
Nernst response has been argued to be zero, because a linearized Weyl Hamiltonian with unbounded
(or very high) ultraviolet cut-off of the Dirac spectrum produces ∂σxy /∂µ = 0. Here we show, from
a lattice model of a WSM (with the lattice regularization providing a physical ultra-violet cut-off
to the low energy Dirac spectrum) that the anomalous Peltier coefficient, and in turn the anomalous
Nernst coefficient is finite and measurable in a physical time reversal breaking Weyl semimetal such
as Bi1−x Sbx . In the main part of the paper, we use the semi-classical Boltzmann equations in the
relaxation time approximation in the presence of a non-zero magnetic field and a Berry curvature,
and derive the thermoelectric and charge conductivity tensors (both longitudinal and Hall) which
we use to calculate both the conventional (i.e., magnetic field dependent) and topological (i.e. zero
field) Nernst coefficients.
Additionally, we also investigate the thermal conductivity of a WSM based on the Boltzmann equation approach. Unlike earlier works which were based on a linearized WSM model, [59,
58] we employ a lattice Bloch Hamiltonian. With the Nernst experimental setup i.e. the temperature gradient ∇T applied perpendicular to the magnetic field B, we find that the transverse
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magneto-thermal conductivity obeys the Wiedemann-Franz law [124] (i.e., the ratio of the thermal
and electrical conductivity is the Lorenz number L0 , both with and without the external magnetic
field). In the parallel setup (∇T k B), however, there is an additional B 2 dependence of the Lorenz
number, thus violating the standard Wiedemann-Franz law for quasiparticles in a Landau Fermi
liquid, arising from the chiral anomaly. Our results confirm that the violation of the WiedemannFranz law between the longitudinal magneto thermal and electrical conductivities [60] persist in the
physically more transparent lattice model and is not an artifact of the linearized low energy model.
This chapter is organized as follows: in Section 3.2, we discuss the Boltzmann semiclassical approach to calculate the Nernst response in a Weyl semimetal. We derive expressions
for both longitudinal and transverse charge (σab ) and Peltier (αab ) conductivity tensors, taking into
account perturbative electric and magnetic fields, and a finite temperature gradient, for a Hamiltonian with a non-vanishing Berry curvature. Though the approach is general and can be applied for
various configurations, we will compute our expressions relevant for the Nernst experimental setup.
Section 3.3 concerns with the Nernst response in a linearly dispersing model of Dirac and Weyl
fermions. We compute the magnetic field dependent Nernst response for a single Dirac node, and
also for a pair of Weyl nodes which have a non-vanishing flux of the Berry curvature. Additionally
Weyl fermions also exhibit an anomalous Nernst response even at zero magnetic field when one imposes a physical ultraviolet cut-off on the energy spectrum, and we show that this imposition gives
a non-zero Peltier coefficient αxy . Section 3.4 concerns with the lattice WSM model and its Nernst
response. In Section 3.5, the magneto-thermal conductivity is analyzed, and the Wiedemann-Franz
law is studied for orthogonal (∇T ⊥ B) and parallel (∇T k B) setups. We conclude in Section 3.6.

3.2

Boltzmann formalism for Nernst response in a lattice Weyl semimetal
Nernst effect measures the transverse electrical response to a longitudinal thermal gradient

in the presence of a finite magnetic field and absence of a charge current i.e. Ey = −ϑ dT /dx,
where ϑ is defined to be the Nernst coefficient and −dT /dx is the temperature gradient applied
along the x axis. The use of three conductivity tensors, σ̂, α̂, and ˆl suffices to relate the charge
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current J and thermal current Q to an applied electric field and temperature gradient. We reserve
the symbol κ̂ for thermal conductivity tensor which will be the focus of Section 3.5. We can write
the following linear response equation










 J   σ̂ α̂   E 

=


ˆ ˆl
Q
ᾱ
−∇T

(3.1)

ˆ and α̂ are related to each other by Onsager’s relation: ᾱ
ˆ = T α̂. In the absence of
The tensors ᾱ
charge current (J = 0), we have E = σ̂ −1 α̂∇T . The Nernst coefficient ϑ can be derived to be

ϑ=

αxy σxx − αxx σxy
Ey
=
,
2 + σ2
(−dT /dx)
σxx
xy

(3.2)

which is a function of thermoelectric tensor αab and charge conductivity tensor σab . We will evaluate αab and σab using semi-classical Boltzmann treatment in the relaxation time approximation,
accounting for an external magnetic field and a finite Berry curvature.
A non-zero Berry curvature in a Bloch Hamiltonian acts like a fictitious magnetic field in
the momentum space [7], which substantially modifies transport properties of the system, giving
rise to anomalous behavior. Anomalous transport due to the Berry curvature has been crucial in
understanding intrinsic Hall and Nernst conductivity in ferromagnetic materials[109, 110, 111, 9].
The Berry curvature for a Bloch Hamiltonian H(k) is defined to be: Ωka = abc ∂kb Ac (k), where
A(k) is the Berry connection given by A(k) = huk |i∇k |uk i, for a Bloch eigenstate |uk i. In the
presence of Berry curvature Ωk , the semi-classical equation of motion for an electron takes the
following form[9, 112]

ṙ =

1 ∂(k) ṗ
+ × Ωk ,
~ ∂k
~

(3.3)

where k is the crystal momentum, (k) is the energy dispersion, and p = ~k. The first term in
Eq. 3.3 is the familiar relation between semi-classical velocity ṙ and the band energy dispersion
(k). The second term is the anomalous transverse velocity term originating from Ω(k). In the
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presence of electric and magnetic fields we have the standard relation: ṗ = eE + eṙ × B. These
two coupled equations for ṙ and ṗ can be solved together to obtain [113, 114]
i
h
e
e
ṙ = D(B, Ωk ) vk + (E × Ωk ) + (vk · Ωk )B
~
~


e
e2
ṗ = D(B, Ωk ) eE + (vk × B) + (E · B)Ωk ,
~
~

(3.4)
(3.5)

where D(B, Ωk ) = (1 + e(B · Ωk )/~)−1 . D(B, Ωk ) is also the prefactor which modifies the invariant phase space volume dpdx → D(B, Ωk )dpdx, giving rise to a non-commutative mechanical
model [113], because the Poisson brackets of coordinates is non-zero. For brevity of notation, we
will sometimes omit showing the explicit dependence of D(B, Ω(k)) on B and Ω(k) and instead
write just D. In Eq. 3.4 and Eq. 3.5, we have also defined vk = ~−1 ∂k /∂k to be the band-velocity.
The second term in Eq. 3.4 gives rise to anomalous transport perpendicular to the applied electric
field, while the third term gives rise to chiral magnetic effect. The third term in Eq. 3.5 (proportional
to E · B) is the source of chiral anomaly, triggering negative magnetoresistance. It has been shown
recently that negative magnetoresistance can be derived using the semi-classical equations of motion
employing Boltzmann transport[71]. Other recent works have also developed a modified Boltzmann
equation, taking into account Berry curvature and chiral anomaly effects[114, 115, 116, 58, 59]. In
these works a linearized model of the WSM has been examined, i.e. a pair of Dirac nodes topologically protected by chirality quantum numbers.
Here we solve the Boltzmann equation in the presence of the Berry curvature and chiral
anomaly terms for a lattice model of a WSM. The steady state Boltzmann equation in the relaxation
time approximation is given by

(ṙ · ∇r + k̇ · ∇k )fk = −

fk − feq
,
τ

(3.6)

where τ is the scattering time, feq is the equilibrium Fermi-Dirac distribution function, and fk is
the distribution function of the system in the presence of perturbations. The scattering time τ can in
general be a function of the crystal momentum i.e. τ = τ (k), but we shall treat it as independent of
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momentum for simplicity.
We will first consider the case when B = 0 and derive the longitudinal and anomalous
Hall conductivities. The linear response relations between the charge current and the applied fields
dictate:

Ja = σab Eb + αab (−∇b T )

(3.7)

The charge current in the presence of an electric field and a temperature gradient is given by[9]
Z



e
[dk] vk + E × Ωk fk
~
Z
kB e∇T
+
× [dk]Ωk sk
~

J=−e

In the above expression, [dk] ≡

d3 k
.
(2π)3

(3.8)

The quantity sk = −feq log feq − ((1 − feq ) log(1 − feq )) is

entropy density for the electron gas. The first term in Eq. 3.8 is the current in response to an applied
electric field E, also accounting for the transverse anomalous velocity acquired by an electron wavepacket due to Ω(k). The second term is the anomalous response to the temperature gradient ∇T ,
which can be obtained using the semiclassical wavepacket methods taking into account the orbital
magnetization of the carriers arising from the finite spread of the wavefunction [9]. It can also be
derived by first calculating the transverse heat current in response to an electric field and then using
Onsager’s relation [117]. The heat current Q takes the following form after accounting for both
normal and anomalous contributions[9, 118, 120, 119]
Z
e
[dk] (E × Ωk ) sk
Q = [dk](k − µ)vk fk +
β~
 2

Z
kB ∇T
π
2
2
+
× [dk]Ωk
feq + β ( − µ) feq
β~
3
Z


kB ∇T
2
−
× [dk]Ωk ln(1 + e−β(k −µ) ) + 2Li2 (1 − feq ) ,
β~
Z

(3.9)

where Li2 (z) is the polylogarithmic function of order 2, which is generally defined as Lis (z) =
∞ k
P
z
ks for an arbitrary complex order s, for a complex argument |z| < 1. The first term in Eq. 3.9 is

k=1
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the standard contribution to the heat current in the absence of Berry curvature. The second term is
the Berry curvature mediated transverse response to electric field E which can be understood by the
following simple argument: in the presence of the Berry curvature and the electric field, the electron
velocity acquires the additional anomalous term eE × Ωk . Multiplying this velocity by the entropy
density of the electron gas, we obtain this contribution to the transverse heat current [117]. From
Eq. 3.1 we can write the transverse response of J and Q on the applied temperature gradient and
electric field respectively as: Jx = αxy ∇y T , and Qx = ᾱxy Ey . Comparing the coefficients αxy
and ᾱxy from Eq. 3.8 and Eq. 3.9, it is easy to note that they obey Onsager’s relation: ᾱxy = T αxy ,
as expected. From Eq. 3.1, the anomalous response Q on an applied temperature gradient can be
2 T c /~,
written as: Qx = lxy ∇y T . The quantity lxy in Eq. 3.1 can be calculated as: lxy = −kB
2

where [119]
Z∞

Z
cn =

[dk]Ωz

d(β)n

∂feq
∂

(3.10)

−µ

The energy integral in Eq. 3.10 reduces to the following for n = 2 [119, 120].
Z∞

d(β)2

∂feq
π2
=
feq + β 2 ( − µ)2 feq
∂
3

−µ



2
− ln(1 + e−β(k −µ) ) + 2Li2 (1 − feq )

(3.11)

2 T c /~ give the last two ∇T dependent terms in
Eq. 3.11 and Eq. 3.10 combined with lxy = −kB
2

Eq. 3.9.
Keeping only linear order dependence on the applied field E and ∇T , the following Ansatz
is assumed for the distribution function, fk [123] which is a solution to the steady state Boltzmann
equation (Eq 3.6) :

fk = feq + τ

∂feq
−
∂





−µ
vk · −eE +
(−∇T ) ,
T

(3.12)

We will further assume that the electric field and temperature gradient have non-zero components
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only along the x direction. Substituting for fk from Eq. 3.12 in Eq. 3.8 for the current J, and
comparing the resulting expression with Eq. 3.7, the longitudinal components of the conductivity
tensors σab and αab can be easily read to be


∂feq
,
σxx = e
−
∂


Z
∂feq
e
2
[dk]vx τ ( − µ) −
,
αxx = −
T
∂
2

Z

[dk]vx2 τ

(3.13)
(3.14)

where vx ≡ ~−1 ∂k /∂kx . The transverse components are:
Z
e2
[dk]Ωfeq ,
~
Z
kB e
[dk]Ωk sk ,
=
~

σyx =

(3.15)

αyx

(3.16)

which are purely anomalous because we have assumed E and ∇T are applied along the x direction,
and there is no magnetic field.
We now discuss the case of a finite magnetic field. We consider a particular configuration
relevant for the experiments measuring Nernst coefficient i.e. ∇T = ∇x T x̂, B = B ẑ, and E = 0,
although the approach will work for other configurations also, like the parallel setup discussed in
Section 3.5. The Boltzmann equation (Eq. 3.6 takes the following form after making substitutions
for ṙ and ṗ from Eq. 3.4 and 3.5).




∂feq
eB
∂
∂
−µ
vx τ ∇x T
−
+
−vx
+ vy
fk
T
∂
~
∂ky
∂kx
fk − feq
=−
D(B, Ωk )τ

(3.17)

The following Ansatz is chosen for the distribution fk which also accounts for correction factor (Λ)
due to a finite magnetic field.



∂feq
−µ
fk = feq − Dτ vx ∇x T
−v·Λ
−
T
∂
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(3.18)

The Boltzmann equation (Eq. 3.17) thus becomes


∂
∂
vy
− vx
∂kx
∂ky
v·Λ
=−
τ

eB
~


(−D∇x T

−µ
vx τ + v · Λ)
T
(3.19)

Imposing the condition that this equation must be valid for all values of v, we find that Λz = 0, and
the equation can be simplified to:




vy
vy Λ x vx Λ y
vx
−µ
Dτ
−
+ eB
−
eB∇x T
T
mxy
mxx
mxx
myy




1
1
eB
eB
+
− vy Λ y
+
= −vx Λx −
mxy
Dτ
mxy
Dτ

(3.20)

In order to solve the above equation, we introduce complex variables V = vx + ivy , and Λ =
Λx − iΛy , and rewrite the equation in the following manner



−µ
1
i
Re eBτ D∇x T
V
+
T
mxy
mxx




eBV Λ∗
ieB
1
+
= Re V Λ
−
,
mxx Dτ
mxy

(3.21)

−2 2
where m−1
ij = ~ ∂ E(k)/∂ki ∂kj is the inverse band-mass tensor and Re(z) stands for the real

part of z. Eq. 3.21 can be solved for Λ:
h
Λx = eBτ D(B, Ωk )∇x T

−µ
T

vx
mxy

−

vy
mxx

ih
i h
ih
eBv
vy
vx
vx
eBvx
x
− mxxy + eBv
−
+
+
mxy
Dτ
mxx
mxy
mxx −
h
i2 h
i
eBv
eBvy
vy 2
eBvx
vx
x
+
− mxxy + eBv
−
−
−
mxy
Dτ
mxx
mxy
Dτ

eBvy
mxy

−

vy
Dτ

i

(3.22)

h
Λy = eBτ D(B, Ωk )∇x T

−µ
T

vx
mxy

−

vy
mxx

ih
i h
ih
eBv
vy
vy
eBv
vx
x
− mxyy + eBv
−
−
+
− mxxy +
mxx
Dτ
mxx
mxy
h
i2 h
i
eBv
eBvy
vy 2
eBvx
vx
x
− mxxy + eBv
−
+
−
−
mxy
Dτ
mxx
mxy
Dτ
(3.23)
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eBvx
mxy

−

vx
Dτ

i

For convenience of notation, we rewrite Λx and Λy as: Λi = τ ∇x T −µ
T ci , incorporating into ci the
remaining factors apart from τ ∇x T −µ
T of Eq. 3.22 and Eq. 3.23. Using Eq. 3.18 and the results for
Λx and Λy , we can now explicitly write the distribution function fk as:



 − µ ∂feq
fk = feq − τ ∇x T
((cx − D)vx + cy vy )
T
∂

(3.24)

The expression for the charge current J, in the presence of B and Ωk , is also modified by the
factor D(B, Ωk ) [58, 9], as we pointed out earlier that D(B, Ωk ) = (1 + e(B · Ωk )/~)−1 is the
multiplicative factor which alters the phase space volume locally.
Z
J = −e

[dk]D

−1

kB e∇T
×
ṙf +
~

Z
[dk]Ωk sk

(3.25)

Substituting Eq. 3.24 in Eq. 3.25 and again comparing with the linear response relations in Eq. 3.1,
the thermoelectric tensor αij can be solved to:




∂feq
−µ
αxx = e
τ
−
(cx − D)
T
∂



Z
∂feq
−µ
2
−
αyx = e [dk](vy cy + (cx − D)vx vy ) τ
T
∂
Z
kB e
+
[dk]Ωz sk
~
Z

[dk]vx2

(3.26)

(3.27)

The temperature dependence of the zero-field anomalous contribution in Eq. 3.27 is hidden in the
entropy density sk of the electron gas. Similarly, the electrical conductivity components (transverse
and longitudinal) are obtained to be:

σxx = e

2

Z

σyx = e2

Z

e2
+
~

Z

[dk]vx2 τ



∂feq
−
(cx − D)
∂

[dk](vy2 cy + vx vy (cx − D))τ
[dk]Ωz feq

(3.28)


∂feq
−
∂
(3.29)

As a good check of our calculation we also recover the results for σab and αab found in Ref. [58]
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where the tensorial nature of mij is ignored and m = ~µ/vF2 . The transverse components, i.e.
Eq. 3.27 and 3.29, are a sum of two terms: the first term captures the effect of a finite B which is
further modified by the Berry curvature Ωk , due to the factors cy , cx and D which are non-trivial
functions of the Berry curvature. The first terms in Eq. 3.27 and Eq. 3.29 depend on the scattering
time τ , and we call these as ‘modified’ B-dependent Hall conductivities (because they are modified
due to the Berry curvature). The Berry curvature also alters the expressions for longitudinal conductivities given in Eq. 3.26 and Eq. 3.28 because of the factor cx − D. In the limits when Ωk → 0,
the factor cy → ωτ for a quadratic band dispersion, upto linear order in B, (where ω = eB/m is
the cyclotron frequency). In the same limit, the factor cx − D → −1 upto zeroth order in B, thus
yielding the standard expression for σxx and αxx given in Eq. 3.13 and 3.14. In contrast, the second
term in Eq. 3.27 and 3.29, which is Berry curvature dependent persists in the absence of a magnetic
field, and is a purely anomalous contribution. We shall roughly examine the limit in which the factor
D(B, Ωk ) = (1 + e(B · Ωk )/~)−1 significantly deviates from 1. Defining k = 2πK/a, where a
2 , where l is the magnetic
is the lattice constant, and K is dimensionless, e(B · Ωk )/~ = a2 ΩK /lB
B

length and ΩK is dimensionless. For a magnetic field of 1T, a ∼ 2Å, e(B · Ωk )/~ ∼ 10−4 ΩK . The
Berry curvature for a single linearly dispersing Weyl node centered at the origin is ΩK = K/4|K|3 ,
thus D(B, Ωk ) ≈ 1 for low magnetic fields and away from band touching point (K0 = 0) in the
momentum space (i.e. approximately |K|  0.01 in this case). This is expected, as qualitatively
one understands that the effect of Berry curvature peaks when the energy band gap Eg → 0. When
the effects of Berry curvature can be neglected, the following standard expressions are derived from
Eq. 3.27 and 3.29 for Hall conductivities, keeping terms only upto linear order in B:

σxy

αxy

−e3 τ 2 B
=
~

−e3 τ 2 B
=
T~



Z
[dk]

∂f0
∂





∂f0
∂

Z
[dk]( − µ)

vx2 ∂ 2  vx vy ∂ 2 
−
∂ky2
∂kx ∂ky





vx2 ∂ 2  vx vy ∂ 2 
−
∂ky2
∂kx ∂ky

(3.30)


(3.31)

In Section 3.3, we will use the formula obtained for αab and σab to calculate the Nernst coefficient in
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Eq. 3.2, first analytically for a simple Dirac and Weyl linearized Hamiltonian, and then numerically
in Section 3.4, for a lattice model of Weyl fermions.

3.3

Nernst response in linearized model Dirac and Weyl systems
In this section, we will concern ourselves with the Nernst response of a linearized spectrum

of Dirac and Weyl systems. We examine the magnetic field dependent transverse conductivities (αxy
and σxy ) for a linearly dispersing Dirac node, which are analytically tractable using the Boltzmann
approach. We repeat the procedure for a pair of Weyl nodes taking into consideration the Berry flux
modification of the normal B-dependent conductivities.

3.3.1

Nernst effect in a linearized Dirac Hamiltonian

As a warm up, we discuss the Nernst response of a single Dirac cone, with linear dispersion
q
k = ±~vF k, where k = kx2 + ky2 + kz2 . The density of states for a single Dirac/Weyl node with
unbounded linear dispersion (taking into account spin degeneracy) is given by

ρ(E) =

1 E2
π 2 (~vF )3

(3.32)

The density of states vanishes at the Dirac node, which gives rise to many unusual properties.
Eq. 3.28 for the longitudinal conductivity, without the Berry curvature term, reduces to Eq. 3.13,
which can be employed to analytically deduce the zero temperature conductivity for a Dirac Hamiltonian to be

σxx =

e2 τ µ 2
,
6π 2 ~3 vF

(3.33)

where we have assumed the scattering time τ to be a phenomenological parameter independent of
energy or momentum. For transverse magneto-conductivity, for a weak magnetic field B = B ẑ, we
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derive the Hall conductivity σxy for a linearized Dirac Hamiltonian using Eq. 3.30 to be

σxy =

e3 Bτ 2 vF µ
6π 2 ~4

(3.34)

We note that (σxy /σxx ) = ωτ = eBτ /m, where m is the band mass near the Fermi surface given
by m = ~µ/vF2 . At low temperatures, the thermoelectric tensor αab is related to the derivative of
σab via the Mott relation [124]

αab = −

2T
∂σab
π 2 kB
3 e ∂µ

(3.35)

Combining the Mott relation with Eq. 3.2, the Nenrst coefficient becomes (when σxx  σxy )

ϑ=−

2T
2
∂ΘH
π 2 kB
2 Bτ vF
= −π 2 kB
T
,
3 e ∂µ
3~µ2

(3.36)

where ΘH = σxy /σxx is the Hall angle. However Eq. 3.36 is valid only when µ 6= 0, and ϑ does
not diverge for µ = 0 as we shall see shortly.
The scattering time in Boltzmann conductivity is sensitive to the type of impurities in the
system. For neutral short range or point-like impurities, the scattering time τs is given by:[121]
ns V02 kF2
1
=
,
τs
3π~2 vF

(3.37)

where ns is the density of the impurities, V0 is the strength of the impurity potential, and kF is the
Fermi wave-vector. Considering Thomas-Fermi (TF) screening, the scattering time for long-range
ionic impurities at zero temperature is given by[121]
1
vF
= 4πα2 nc 2 It (q0 )
τc
kF

(3.38)

In the above expression, nc is the density of charged impurities, α = e2 /κ~vF is the fine-structure
constant, q0 = qT F /2kF , where qT F is the Thomas-Fermi wave-vector, and It (x) = (x2 +
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1/2) log(1 + 1/x2 ) − 1. The total scattering time is given by Matthiesen’s rule
1
1
1
+
=
τ
τs τc

(3.39)

For a linear Dirac Hamiltonian, kF = µ/~vF , therefore the scattering time expression take the
following form:
nc 4πα2 vF3 ~It (q0 )
1
=
τc
µ2
1
ns V02 µ2
=
τs
3π~3 vF

(3.40)
(3.41)

From Matthiesen’s rule, it is evident that the shorter time scattering process (τs or τc ) will dominate
the carrier transport, therefore near µ = 0, the scattering from ionic impurities will primarily determine the conductivity, and for µ  0, it is scattering from the neutral point-like impurities that
govern charge transport. For an arbitrary value of µ, the following expression for scattering time τ
can be written, using expressions in Eq. 3.39, 3.40, and 3.41
1
1
=
τ
τ0




1
4
(1 + xµ ) ,
µ2

(3.42)

where τ0 and x are constants depending on the coefficients of µ2 and 1/µ2 in Eq. 3.40 and 3.41,
whose exact form is lengthy and not illuminating for our discussion. Using this expression for the
total scattering time τ in Eq. 3.33, we obtain:

σxx =

e
τ0 µ4
2
3
6π vF ~ (1 + xµ4 )

(3.43)

e2 eBvF τ02 µ5
6π 2 ~4 (1 + xµ4 )2

(3.44)

Similarly, from Eq. 3.34, we have

σxy =
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The Hall angle near µ = 0 reduces to:
ΘH = eBµvF2 τ0 /~,

(3.45)

and thus from Eq. 3.36, the Nernst coefficient ϑ0 at µ = 0 is given by:

ϑ0 = −

2 T eBv 2 τ
π 2 kB
F 0
3 e
~

(3.46)

Alternatively, the same conclusion can be reached by using the equation for the Nernst coefficient
i.e. Eq. 3.2, and Eq. 3.35, 3.43, and 3.44, by substituting the exact expressions instead of using the
Mott relation. Far away from the Dirac point at µ = 0, the charge conductivities are

σxx
σxy



1
e2 τ0
x 1−
∼ 2
6π vF ~3
xµ4
e2 eBvF τ 2
∼ 2 4 2 30
6π ~ x µ

(3.47)
(3.48)

The Hall angle in this case no longer varies linearly with the Fermi energy (as in the case near
µ = 0), but is instead given by ΘH = eBvF2 τ0 /~x2 µ3 . The Nernst coefficient for µ  0 becomes
ϑ∼

2 T eBv 2 τ
π 2 kB
F 0
,
2
e
~x µ4

(3.49)

which approaches zero as µ is increased asymptotically, as expected from Fermi liquid theory,
where the Nernst coefficient vanishes because of Sondheimers cancellation.[122] The sign of the
Nernst coefficient ϑ does not change with the sign of µ and is thus an even function of µ. This is
because both σxy αxx and σxx αxy , which appear in the numerator of the expression for ϑ in Eq. 3.2
do not depend on sgn(µ). The plot in Figure 3.1 displays Nernst coefficient for a linear Dirac node
obtained using Eq. 3.2, 3.13, 3.30, and 3.35. We have provided a physical ultra-violet cut-off to the
low energy spectrum at  = ±3.5t with t = 0.1 eV , vF ∼ 105 m/s T = 40K, and B = 1T .
The chosen scattering time τ used for this calculation, and its scaling with µ is also shown in
Figure 3.1. A regularized lattice model will however smoothly bound the dispersion in the Brillouin
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Figure 3.1: Left: Plot of the Nernst coefficient ϑ as a function of µ/t for a single linearized Dirac
node whose spectrum is bounded at ± 3.5t. The energy parameter t is chosen to be t = 0.1 eV .
Here ϑ0 indicates the value of the Nernst coefficient at µ = 0. Right: Chosen scattering time for the
calculation in ps as given by Eq. 3.42.
zone. Section IV will be devoted to evaluating the Nernst response of a WSM Hamiltonian defined
on a lattice.

3.3.2

Nernst effect for a pair of linearized Weyl fermions
A single Dirac node can be visualized as two Weyl nodes, which are topologically protected

by chirality quantum number of opposite sign, coinciding with each other in energy-momentum
space. Therefore the net flux of the Berry curvature, and henceforth the net chirality vanishes for
a single Dirac node, resulting in a zero anomalous response for both the charge and thermoelectric
conductivity. As a result, no anomalous Nernst response is also expected in a linear Dirac Hamiltonian. Using an external perturbation, a single band-touching point in a Dirac cone can be shifted
into a pair of isolated Weyl points possessing opposite chirality quantum numbers. The external
perturbation must break either time-reversal symmetry or inversion symmetry, and also lifts-up the
degeneracy of the Dirac spinor. Our discussion will be centered upon the assumption that timereversal symmetry is violated, which can be achieved using magnetic field as a perturbation. Also
the Weyl points are assumed to occur at the same energy, thus there is no chiral chemical potential.
One can also construct inversion asymmetric and TR invariant models of a WSM, but they are not
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of interest to us here because the anomalous Hall and Nernst response vanishes as the vector sum
k0 of the node separation becomes zero. Figure 3.2 shows Berry curvature plot of a Weyl semimetal
in the kz = 0 plane, where we assumed the node separation is k0 = (0.5, 0.5, 0). At the origin is a
Weyl node with chirality quantum number +1 which acts as a source of Berry flux. At k0 we have
another node with chirality quantum number -1 which acts a sink of Berry flux.

0.8

ky

0.6
0.4
0.2
0
−0.2
−0.2

0

0.2

kx

0.4

0.6

0.8

Figure 3.2: (color online) Plot of Berry curvature of a Weyl semimetal in the kz = 0 plane, where
the node separation is k0 = (0.5, 0.5, 0). At the origin is a Weyl node of positive chirality, which
acts as a source of Berry flux indicated by outgoing arrows, which flow towards k0 , which acts as a
sink of Berry flux indicated by incoming arrows.

Let us first concern ourselves with the normal contribution to the Nernst effect i.e. due to
an external magnetic field. As we pointed out earlier, this contribution is further modified due to
effects of the Berry curvature, which are encoded in the factors cx , cy and D(B, Ωk ), expressed
in Eq. 3.26- 3.29. Adding up the contribution from both the Weyl nodes and keeping terms only
upto linear order in the magnetic field B = B ẑ (which is justified in the limit ωτ  1), the zero
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temperature longitudinal electrical conductivity for the Weyl system becomes
vx2 τ
δ(k − µ)
[dk]
1 − (eBΩz /~)2
Z π
e2 τ µ 6
sin3 θdθ
= 2 3
4π ~ vF 0 µ4 − ~2 e2 vF4 B 2 cos2 θ
2

Z

σxx = 2e

(3.50)

For B ∼ 1T, vF ∼ 105 m/s, (which is the typical value for vF in a WSM[27]), the factor ~2 e2 vF4 B 2 ∼
10−10 . Thus away from µ = 0, the expression reduces to Eq. 3.33 for a Dirac node, except upto an
overall multiplicative factor of 2 (for two nodes). At µ = 0, where the Fermi surface just reduces to
a pair of Weyl points, σxx = 0. From Eq. 3.29, we can calculate the charge Hall conductivity σxy
for a WSM (again upto linear order in B):

σyx

vy2 ωτ 2 (1 + (eBΩz /~)2 )
δ(k − µ)
[dk]
= 2e
(1 − (eBΩz /~)2 )2
Z π
sin3 θµ6 (µ4 + ~2 e2 vF4 B 2 cos2 θ)
e2 ωτ 2
= 2 3
dθ
4π ~ vF 0
(µ4 − ~2 e2 vF4 B 2 cos2 θ)2
2

Z

(3.51)

Further away from µ = 0, the above expression also reduces to Eq. 3.34 for Dirac node, after
making the substitution for the cyclotron frequency ω = evF2 B/~µ. At µ = 0, again σxy = 0. We
can therefore conclude that away from the band touching point (which line-up with the fine tuning
of chemical potential µ = 0), and for typical values of the Fermi velocity and weak magnetic field
(such that the semiclassical Boltzmann approach is still valid) the deviation of the normal Nernst
response due to the Berry curvature is negligible. In this limit the normal contribution to the Nernst
response roughly reduces to the sum of individual contributions from the two Dirac nodes. We
have also verified this conclusion through explicit numerical integration, even at finite temperatures,
using Eq. 3.26- 3.29.
A Weyl system also exhibits anomalous Nernst response even at zero-field and thus the total
A for a timeNernst signal must arise from both contributions. The anomalous Hall conductivity σxy

reversal broken Weyl semimetal is non-zero and varies linearly with the node separation k0 ,[29]
which can be obtained by integrating Eq. 3.29 with the correct regularization that is consistent with
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the broken symmetries in the presence of k0 . [11]
A
σxy
=−

e2 k0
~ 2π 2

(3.52)

A remains unaltered with temperature or for a finite µ.
The result in Eq. 3.52 suggests that the σxy

This result is strictly valid only for an unbounded linear dispersion of Dirac fermions. Mott formula
A = 0. If an upper physical cutoff on the energy of a Dirac node is
(Eq. 3.35) then suggests that αxy
A is non-zero, because the contributions from the partially filled states generically
imposed then αxy
A as function of node separation k for a linear
will remain finite. Figure 3.3 shows the plot for σxy
0
A as a function of upper energy cutoff,
WSM with an upper energy cut-off, and also the plot for αxy

obtained using Eq. 3.27 and 3.29. Lowering the cutoff results in a finite non-zero αxy , thus the
anomalous Nernst response is also expected to be non-zero.
It is not entirely evident from Eq. 3.2, that the anomalous Nernst response will vanish for a
A = 0, because of the non-zero
linearized Weyl Hamiltonian with an unbounded dispersion when αxy
A in the numerator of Eq. 3.2. However, using the results from the previous subsection
factor αxx σxy
0 µ4 , and from Mott relation: α
0
3
we have from Eq. 3.43 that near µ → 0, σxx = σxx
xx = αxx µ , thus

in the vicinity of the Dirac point, the anomalous Nernst coefficient becomes:

ϑ=

A α 0 µ3
σxy
xx
0
4
2
A )2
(σxx µ ) + (σxy

(3.53)

Two points can be noted from the above equation: the anomalous Nernst coefficient vanishes at the
Dirac point when µ = 0, and the Nernst coefficient is an odd function of µ. The evaluation of total
Nernst signal, will have contributions from both normal and anomalous Hall conductivities, and
therefore an asymmetric behavior of the total Nernst coefficient about µ = 0 is expected.

3.4

Nernst effect in a lattice Weyl Hamiltonian
The novel semimetallic state with Weyl-like fermionic excitations has been recently realized

in a series of experiments. In the inversion asymmetric crystalline compound TaAs, experiments
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Figure 3.3: Left: Plot of anomalous αxy (in the units of µkB e/~) for a bounded linear WSM with
two bounded linear Dirac nodes vs. the upper energy cutoff EC (in the units of 10meV), for µ =
−0.7t and k0 = 0.25. As the upper energy cutoff for each bounded Dirac node increases, αxy
decreases eventually becoming close to zero. Right: Anomalous Hall conductivity σxy as a function
0 is the Hall conductivity when
of the node separation k0 for a bounded linear WSM, where σxy
k0 = 0.15.
have claimed to host topologically non-trivial Fermi arcs and Weyl cones [37, 38, 39]. Another
pathway of observing Weyl fermions in condensed matter is to break TR symmetry by applying a
magnetic field in a 3D Dirac semimetal and split each Dirac cone into a pair of Weyl nodes. 3D
materials Na3 Bi, Cd3 As2 , and Bi1−x Sbx with x ∼ 3 − 4% were recently proposed [41, 42, 52, 53,
54], and also realized experimentally to be Dirac semimetals [43, 44, 45, 46, 47, 48, 49, 50, 51,
55]. This has paved the way to realizing a TR broken WSM phase, which has been so far verified
by a few experimental signatures [38, 51, 56, 55]. One can construct an effective Hamiltonian
HD (k) describing electron dynamics near the symmetry points in momentum space of a 3D Dirac
semimetal

HD (k) = vF (k · σ)τz + m(k)τx ,

(3.54)

where σ and τ are the vectors of Pauli spin matrices acting on the spin and pseudo-spin degrees of
freedom respectively. The mass term m(k) can be tuned to vanish at isolated points in the Brillouin
zone by choosing a specific form of m(k) as a function of crystal momentum k. The mass term
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Figure 3.4: (color online) Results for the lattice WSM described by Eq. 3.56. Top Panel (left): In
m obtained using Eq. 3.16 , and in blue is the anomalous
red is the anomalous contribution to αxy /αxy
contribution to αxy using Mott relation (Eq. 3.35) displaying a reasonable agreement; αxm is the
0
value at µ = t. Top panel (middle): Anomalous Hall conductivity as a function of µ/t (again σxy
is the value at µ = 0)) obtained using Eq. 3.15. Top panel (right): Normal Nernst response ϑN /ϑ0
as a function of µ, where ϑ0 is the Nernst coefficient at µ = 0. Bottom panel (left): Anomalous
Nernst response ϑA /ϑm as a function of µ, where ϑm is the anomalous Nernst coefficient at µ =
0.3t. Bottom panel (middle): Total Nernst coefficient ϑT /ϑm including both normal and anomalous
response as a function of µ/t, where ϑm is the Nernst coefficient at µ = 0.1t. A slight asymmetry
for the total Nernst signal about µ = 0 can be noted. Bottom panel (right): Chosen scattering time
in ps as a function of µ, as given by Eq. 3.42. The chosen parameters values for this calculation are:
T = 20K, t = 0.1 eV , m = 0.6t.

m(k) can be chosen to be m(k) = m + ρ cos(k), for |k|  1, which can be realized physically.
For instance, at x ∼ 3 − 4% in Bi1−x Sbx the mass term can be tuned to zero at particular K values.
This yields a degenerate linearly dispersing 4-component Dirac fermion described by Eq. 3.54 with
m(K) = 0. A perturbative Zeeman field coupled with the spin degree of freedom described by
HZ = gBz σz , can now lift the degeneracy of the Dirac fermion, with the energy spectrum given
by [61]
q
E(k) = ± vF2 (kx2 + ky2 ) + (gBz ± vF kz )2 ,
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(3.55)

where the band-touching point is shifted from Γ point at K = (0, 0, 0) to ±K0 = ±(0, 0, gB/vF ),
where g is the Landé g-factor. The direction along which the two nodes appear is along the direction
of the applied magnetic field. The separation k0 between the two Weyl nodes is magnetic field
dependent and is given by k0 = 2gB/vF . Now the Hamiltonian around each K0 is that of a
linearized Weyl fermion.
To discuss the Nernst response in a physical Weyl system, it is advantageous to consider
a lattice model of Weyl fermions with the lattice regularization providing a physical ultra-violet
smooth cut-off to the low energy Dirac spectrum, because the linearized continuum theory for calculating the anomalous Hall current at a finite density turns out to be insufficient. For simplicity,
instead of considering the band Hamiltonian for Bi1−x Sbx , we consider a prototype lattice Hamiltonian for Weyl fermions described by Hlatt (k) in Eq. 3.56, because it serves our purpose of discussing the Nernst effect.

Hlatt (k) = t(sin(kx a)σx + sin(ky b)σy + cos(kz c)σz )
+ m(2 − cos(kx a) − cos(ky b))σz ≡ Nk · σ,

(3.56)

Hlatt (k) supports a pair of Weyl fermions located at (0, 0, ±π/2c),thus k0 = (0, 0, π/c) when
m > t/2. This lattice model of Weyl fermions described in Eq. 3.56 can mimic the experimentally
relevant TR breaking WSM model described in Eq. 3.54 and the paragraph below it, when we
consider an external magnetic field B = (0, 0, πvF /g), as the node separation is fixed from Eq. 3.56.
This is however sufficient to discuss Nernst effect in the lattice WSM. The energy-band spectrum
is shown in Figure 2.1 obtained from diagonalising the Hamiltonian in Eq. 3.56. The anomalous
A for this Hamiltonian is given by Eq. 3.15 at finite temperature and chemical
Hall conductivity σxy
A = e2 /h. The ith
potential, which is plotted in Figure 3.4. At zero temperature and at µ = 0, σxy

component of Berry curvature vector Ωk , for Hlatt (k) is given by

Ωk,n,i = (−1)n ijl

Nk ·
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h

∂Nk
∂kj

×

4|Nk |3

∂Nk
∂kl

i
(3.57)

A , can be calculated
In Eq. 3.57, n stands for the band index. The anomalous Peltier coefficient αxy
A is no longer a constant function
using Eq. 3.16 and is non-zero, as shown in Figure 3.4, because αxy
A calculated using the Mott relation. This feature of non-zero αA
of µ. Figure 3.4 also shows αxy
xy

was absent in the linearized model of a WSM. Figure 3.4 shows the total Nernst response ϑ obtained
by numerical calculation using Eq. 3.2, 3.26-3.29 for this lattice model. We observe that the normal
Nernst coefficient is non-zero around µ = 0, and is an even function of µ, which consistent with the
findings of Sec. III. In Sec. III, we also pointed out that the anomalous Nernst coefficient vanishes
at µ = 0 and is an odd function of µ, and thus the total Nernst response is expected to show an
asymmetric behavior about µ = 0. These conclusions do no change for a lattice model, and a slight
asymmetry can be observed in the plot of Nernst coefficient in Figure 3.4.

3.5

Magneto-thermal conductivity for a Weyl semimetal
When a temperature gradient ∇T is applied across a sample, a charge current J is devel-

oped. In the absence of a charge current, from Eq. 3.1, we must have E = σ̂ −1 α̂∇T . Using
this expression for E in the formula for the thermal current Q given in Eq. 3.1, we can write the
following linear response relation
Q = (T α̂σ̂ −1 α̂ − ˆl)∇T = κ̂(−∇T )

(3.58)

κ̂ is the thermal conductivity tensor whose longitudinal and Hall components can be written explicitly as:

κxx = lxx −

2 − α2 ) + 2σ α α
σxx (αxx
xy xx xy
xy
2
2
σxx − σxy

(3.59)

κxy = lxy −

2 − α2 ) + 2σ α α
σxy (αxy
xx xx xy
xx
2 − σ2
σxx
xy

(3.60)
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Usually ˆl is identified with κ̂, however the second term in Eq. 3.59 and Eq. 3.60 is still non-zero,
though small compared to ˆl. Wiedemann-Franz law states that the ratio of thermal conductivity
κ and electrical conductivity σ for a metallic state is proportional to temperature. The law holds
for a generic system as long as it can be termed as Landau Fermi liquid where the quasiparticle
description of electronic states remains valid,
κij
= L0 T
σij

(3.61)

2 /3e2 ).
Eq. 3.61 states the Wiedemann-Franz law, where L0 is the Lorenz number (L0 = π 2 kB

In the absence of a magnetic field, the B-dependent contribution to σxy is zero, and κxx =
2 /σ
lxx − αxx
xx will be given by the standard expression of the longitudinal thermal conductivity:

Z
lxx =

[dk]vx2



( − µ)2
τ
T



∂feq
−
∂


(3.62)

To discuss magneto-thermal conductivity, we first examine the case which is also relevant to the
Nernst experimental setup discussed in Section II, III and IV i.e. ∇T = (∂T /∂x)x̂ and B = B ẑ.
The expressions for charge and thermoelectric conductivities σ̂ and α̂ have been already obtained
in Eq. 3.26-3.29. From Eq. 3.9 and Eq. 3.1, we can read the conductivity tensor ˆl as
Z
lxx =

[dk]vx2





∂feq
( − µ)2
τ
−
(cx − D)
T
∂



∂feq
( − µ)2
lyx =
+ vx vy (cx − D)) τ
−
T
∂
 2

Z
kB ∇T
π
+
× [dk]Ωk
feq + β 2 ( − µ)2 feq
β~
3
Z
kB ∇T
× [dk]Ωk (ln(1 + e−β(k −µ) )2 + 2Li2 (1 − feq ))
−
β~
Z

(3.63)



[dk](vy2 cy

(3.64)

The B-dependent longitudinal magneto-thermal conductivity lxx is further modified from Eq. 3.62
by the factor of (cx − D) which is a function of the Berry curvature. The first term of the transverse
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magneto-thermal conductivity lyx in Eq. 3.64 is the standard B-dependent contribution. The second
and the third terms give the zero magnetic-field anomalous thermal conductivity. The WiedemannFranz law given in Eq. 3.61 remains valid for κxx and κxy as shown in Figure 3.5.
A more interesting scenario occurs when ∇T = (∂T /∂z)ẑ, E = 0, B = B ẑ i.e when the
applied temperature gradient is parallel to the magnetic field. Using Eq. 3.4 and Eq. 3.5, the steady
1
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Figure 3.5: (color online) Top panel (left): Longitudinal magneto-thermal conductivity κxx for the
WSM lattice model as a function of µ/t, where κm
xx is the value at µ = t. Top panel (right): Normal
m is the value at µ = t. Bottom panel (left): Anomalous
B-dependent contribution to κN
,
where
κ
xy
xy
0
zero magnetic-field contribution to κA
xy , where κxy is the value at µ = 0. In all the three figures,
we have plotted in red the thermal conductivity obtained using Eq. 3.63 and Eq. 3.64, and in blue
using Wiedemann-Franz law Eq. 3.61 (all three plots are for transverse setup i.e. ∇T ⊥ B). Bottom
panel (right): Plot of ∆L(B)/L0 = (L(B)/L0 − 1) as a function of applied magnetic field B (here
B0 = vF k0 /2g) when ∇T k B showing an additional B 2 dependence of the Lorenz number arising
from the chiral anomaly term (Ω · v).
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state Boltzmann equation (Eq. 3.6) becomes
 


∂feq
−µ
e
∇z T −
vz + (v · Ωk )
T
∂
~


fk − feq
∂
∂
eB
− vx
fk = −
+ 2 vy
~
∂kx
∂ky
Dτ



(3.65)

The following Ansatz is chosen for the distribution function fk , which is a solution of Eq. 3.6,
−µ
fk − feq = −Dτ
∇z T
T


∂feq
v·Λ
+ −
∂




∂feq 
e
−
vz + B(v · Ωk )
∂
~
(3.66)

The correction factor Λ in the Ansatz for fk is introduced to account for a perturbative magnetic field
B. Substituting for fk given in Eq. 3.66 into the Boltzmann equation (Eq. 3.65), and imposing the
condition that the equation should remain valid for all values of v, we find that Λz = 0. Introducing
V = vx + ivy and Λ = Λx − iΛy , the Boltzmann equation can be rewritten in the following form



eBDτ ( − µ)∇z T
~
Re −iV
−
− er
T ~2
mxz



eBDτ ( − µ)∇z T
~
+Re V
+ es
T ~2
myz


−ieBV Λ eBV ∗ Λ V Λ
,
−
+
= −Re
mxx ~
~myx
Dτ

(3.67)

where,
Ωy
Ωx
Ωz
+
+
mxx mxy
mxz
Ωy
Ωx
Ωz
s=
+
+
mxy
myy
myz

r=

(3.68)
(3.69)

The factors Λx and Λy can be straightforwardly evaluated from the real and imaginary parts of the
complex vector Λ = Λx + iΛy , which is a solution of Eq. 3.67. Now substituting for the distribution
function fk in Eq. 3.25, it is then possible to deduce the conductivity tensor α̂ and ˆl. The longitudinal
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conductivities are obtained to be: [58, 59]

αzz

e2
=
T

Z
lzz =

Z



2

∂feq
eB
D[dk] vz +
Ω · v τ ( − µ) −
~
∂

(3.70)



2 
∂feq
( − µ)2
−
τ
T
∂

(3.71)



eB
D[dk] vz +
Ω·v
~

In a similar fashion one can also calculate the charge conductivity σzz .

σzz = e

2

Z



eB
D[dk] vz +
Ω·v
~

2 

∂feq
τ −
∂

(3.72)

The results in Eq. 3.70-Eq. 3.72 are of interest because of the a B 2 dependence arising from the
chiral-anomaly term Ω · v. Note that this term does not arise in the transverse setup i.e. when
∇T and B orthogonal to each other, and is thus linked to the topological E · B term arising in
axion-electrodynamics of WSM. We can write the following simple relations for σzz and κzz :
σzz = σ0 + αB 2

(3.73)

κzz = κ0 + βB 2 ,

(3.74)

where σ0 and κ0 are the longitudinal conductivities for B = 0. The coefficients α and β (not to
be confused with β = 1/kB T ) account for the B 2 dependence of σzz and κzz respectively. They
depend on the band-structure of the Hamiltonain and can be obtained by the k− space integrals
defined in Eq. 3.72- 3.71. The Lorenz number L in the Wiedemann-Franz law given in Eq. 3.61,
will be B-dependent, and can be written as:
κzz
κ0 + βB 2
= L0 + ∆L(B) =
T σzz
T (σ0 + αB 2 )
(βσ0 − ακ0 )B 2
(βσ0 − αL0 T σ0 )B 2
∆L(B) ≈
=
T σ02
T σ02
L(B) =

(3.75)
(3.76)

∆L(B) gives the B 2 enhancement of the Lorenz number from its standard value L0 . Figure 3.5 dis49

plays the quadratic behavior of the Lorenz number L(B) with the magnetic field in the parallel setup
for the lattice WSM Hamiltonian given in Eq. 3.56, thus showing a violation of the WiedemannFranz law. It is also worthwhile to point out the sign of ∆L in Eq. 3.76, which will depend on the
details of the band structure of the Hamiltonian. The Lorenz number, which is the ratio of thermal
to electrical conductivity will increase (decrease) from its standard value if the B 2 coefficient in
the expression for thermal conductivity is greater (lesser) than electrical conductivity In the present
case, the sign of ∆L was found to be positive. Similar conclusions on the sign of ∆L were obtained
in previous work [60].

3.6

Conclusions
In this chapter we have studied the Nernst response of a time-reversal broken Weyl semimetal.

As a consequence of non-zero anomalous Hall response in a Weyl system with broken time-reversal
symmetry, it is generally expected that an anomalous Nernst conductivity is also observed. This is
because generally the Peltier coefficient which is related to the first derivative of the charge conductivity with respect to the chemical potential should not vanish. However, a linearized Weyl fermionic
system was found to have its anomalous Hall conductivity independent of chemical potential and
temperature. Previous studies [58] have therefore argued that the anomalous Peltier coefficient and
the anomalous Nernst response for a system of Weyl fermions should be zero. We show this by
considering a physical description of a WSM which is cut-off at higher energies by either considering a bounded linearized Weyl Hamiltonian, or a lattice regularization providing a smooth physical
ultra-violet cut-off in a lattice model of Weyl fermions. This produces a non zero Peltier coefficient
and thus a non-vanishing Nernst response measurable experimentally.
Starting with the semi-classical Boltzmann approach to linear transport in a system, we
first derived the expressions for charge and thermal conductivities in the presence of a perturbative
magnetic field and a temperature gradient orthogonal to each other, for a generic band Hamiltonian
which has a non-trivial Berry curvature. The longitudinal conductivity is modified from its standard
expression because of Berry curvature effects. The B-dependent transverse conductivity also is
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modified by Berry curvature. Additionally, the transverse conductivity also comprises of a purely
anomalous contribution even at zero B-field due to the Berry curvature. Thus the total contribution
to the Nernst signal comprises of two parts: a B-dependent response, and a purely anomalous
response. We derived analytic expressions for the Nernst coefficient in a linearized Dirac and Weyl
Hamiltonian, and have also computed the total Nernst response for a lattice model of Weyl fermions
numerically. We also pointed out that B-dependent normal Nernst signal is an even function of the
chemical potential, but the anomalous Nernst coefficient is an odd function. As a result one would
expect a slight asymmetry in the total Nernst response µ = 0, which is evident from our numerical
studies.
Additionally, we also examined the magneto-thermal conductivity of a WSM, and find that
for orthogonal experimental setup, similar to Nernst experiment, the Wiedemann-Franz law holds
for both longitudinal and Hall conductivities (normal and anomalous). For the parallel setup we
find an additional B 2 dependence of the Lorenz number arising from the chiral anomaly term v · Ω.
In a previous theoretical work [60], both of these conclusions have been reported for a linearized
WSM, and the violation of Wiedemann-Franz law in the parallel setup has been ascribed to the
role of axion-electrodynamics because of the topological E · B term. We verify this violation
of Wiedemann-Franz law in a lattice Hamiltonian, and it only depends on the presence of Berry
curvature in a system, and therefore it is not an artifact of a linearized theory.
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Chapter 4

Nernst effect in topological Dirac
semimetals
Abstract
Dirac semimetals (DSM) are three dimensional analog of graphene with massless Dirac
fermions as low energy electronic excitations. In contrast to Weyl semimetals (WSM), the point
nodes in the bulk spectrum of topological DSMs have a vanishing Chern number, but can yet be
stable due to the existence of crystalline symmetries such as uniaxial (discrete) rotation symmetry.
We consider a model low-energy Hamiltonian appropriate for the recently discovered topological
DSM Cd3 As2 , and calculate the Nernst response within semiclassical Boltzmann dynamics in the
relaxation time approximation. We show that, for small chemical potentials near the Dirac points,
the low temperature, low magnetic field, Nernst response is dominated by anomalous Nernst effect
(ANE), arising from a non-trivial profile of Berry curvature on the Fermi surface. Although the
Nernst coefficient (both anomalous as well as conventional) vanish in the limit of zero magnetic
field, the low temperature, low magnetic field, Nernst response, which has an almost step like profile
near B = 0, serves as an effective experimental probe of ANE in topological DSMs protected
by crystalline symmetries. A part of this chapter has appeared on arXiv:1605.00299, and will be
submitted for publication on Physical Review B.
52

4.1

Introduction
Picking up the thread from the previous chapter on Nernst response in topological Weyl

semimetals (WSMs), in this chapter we will examine if the Nernst response can occur in Dirac
semimetals, which are a close cousin of WSMs. (DSM) are three-dimensional (3D) analog of
graphene, with point nodes in the bulk energy spectrum supporting low energy excitations with
relativistic energy momentum relations resembling massless Dirac fermions [125, 126]. Topological Dirac semimetals are stable 3D electron systems with bulk Dirac nodes protected by crystalline symmetries [127, 128, 129]. In DSM, owing to the simultaneous presence of time reversal
and space inversion symmetries, the bulk energy bands are Kramers degenerate locally at each k
(En,σ (k) = En,−σ (k)). The Kramers degeneracy ensures that an accidental crossing between valence and conduction bands engenders a four-fold degenerate Dirac node. Such four-fold degenerate
nodes in the bulk energy spectrum can be stable only in the presence of additional symmetries, such
as uniaxial discrete crystal rotation symmetries Cn [129]. This can be contrasted with three dimensional topological Weyl semimetals (WSM) [125, 27, 31, 29], where (two-fold degenerate) Weyl
nodes in the bulk energy spectrum are stable due to the existence of a non-zero Chern number invariant associated with each Weyl node. In DSM the simultaneous presence of time reversal and
space inversion symmetry ensures that the Chern number vanishes for each Dirac node, which can
in turn be thought as the superposition of a pair of Weyl nodes with equal and opposite chirality.
In recent studies several materials have been theoretically proposed to be topological DSMs [27,
130, 127, 41, 42]. On the experimental side, Cd3 As2 [45, 47, 131, 132, 133, 48, 134, 135] and
Na3 Bi [136, 137, 138] have been experimentally confirmed to support three dimensional bulk Dirac
nodes with linear energy spectrum. In this work we take a system with a pair of four-fold degenerate Dirac nodes on a high symmetry axis (which we choose as the kz axis as the axis of Cn crystal
rotation symmetry) as a prototypical topological DSM. The recently discovered DSMs, Cd3 As2 and
Na3 Bi, are both thought to be in this class. This class of DSMs are topological because, since the
Dirac points appear on the high symmetry axis at (kx , ky , kz ) = (0, 0, ±kz0 ), the kz = 0 plane can
be considered as a gapped two-dimensional system with time reversal and space invariance symme-
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tries, allowing the definition of a 2D Z2 invariant analogous to the 2D quantum spin Hall insulator.
Additionally, since the system is invariant under a discrete rotation symmetry C4 about the kz axis,
which is responsible for the stability of the Dirac points, one can define an additional integer topological invariant (mirror Chern number) on the kz = 0 plane [129]. The mirror symmetry appears
here as a result of the combination of space inversion symmetry and π rotation about the kz axis,
which follows from the existence of the C4 symmetry.
Although topological DSMs have certain non-trivial topological properties such as surface
Dirac fermions and zero energy Fermi loops, topological thermoelectric response such as anomalous
Hall and Nernst effects, which depend on non-zero momentum space integrals of Berry curvature
across surfaces in the Brillouin zone, must vanish in the limit of zero magnetic field, because of
the existence of time reversal symmetry. Since anomalous Hall and Nernst conductivities arise
from the transverse current response (odd under time reversal) to an applied longitudinal electric
field and temperature gradient (even under time reversal), independent of an applied magnetic field,
it follows that the anomalous conductivities must vanish in systems that preserve time reversal
symmetry. This can also be understood from the fact that the Chern number of the Dirac nodes
in a DSM, which measures the flux of the Berry curvature over closed surfaces around the Dirac
node, is identically zero, and thus, in the absence of a magnetic field, the net flux of the Berry
curvature vanishes everywhere in the Brillouin zone. In the presence of a magnetic field, however,
time reversal symmetry is broken, and topological DSMs reduce to WSMs, evincing anomalous
Hall and Nernst response, superimposed over the conventional conductivities which must also be
present because of a non-zero magnetic field.
In this chapter we focus on the Nernst effect (conventional as well as anomalous) in topological Dirac semimetals for small magnetic fields (of the order of a few Tesla) and small chemical
potential within the framework of Boltzmann theory in the relaxation time approximation. In this
limit, we find that the conventional Nernst response is small due to Sondheimer cancellation, and
can be of either sign depending on temperature, but the anomalous Nernst response is large and
positive because of the peak in the Berry curvature in the limit of small chemical potentials. At
low temperatures, the behavior of the total Nernst coefficient is characterized by an almost step like
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profile at B = 0. However, exactly at B = 0 there is no Nernst signal from either conventional
or anomalous contributions, because of the restoration of time reversal symmetry. The measured
Nernst coefficient, thus, is dominated almost entirely by the anomalous Nernst effect, at least in
the limit of small temperatures. Our results have direct experimental relevance for Nernst and thermoelectric measurements on the available topological Dirac semimetals Cd3 As2 and Na3 Bi. For
related work on thermoelectric response, although not for topological DSMs with a pair of Dirac
points as appropriate for Cd3 As2 and Na3 Bi, see Ref. [[140]] and Ref. [[141]].
This chapter is organized as follows. In Sec. 4.2 we introduce the low energy Hamiltonian
appropriate for a topological DSM with a pair of Dirac points on a high symmetry axis. This
model should serve as an effective description for the available topological DSM Cd3 As2 . In Sec.
4.3 we briefly sketch the derivation of Nernst conductivity within Boltzmann theory description in
relaxation time approximation in the presence of a non-trivial Berry curvature. In the presence of a
non-zero magnetic field, the Nernst response of topological DSMs comprise conventional as well as
anomalous components, which are then described in Sec. 4.4 and Sec. 4.5, respectively. Our central
results, plots for the total Nernst conductivity (conventional as well as anomalous) as a function of
the applied magnetic field at several different temperatures are displayed in Fig. 5. We end with a
brief discussion and conclusion in Sec. 4.6.

4.2

Hamiltonian for topological DSM
The effective low energy Hamiltonian for the Dirac semimetal Cd3 As2 , in the basis |s, ↑i,

|px + ipy , ↑i, |s, ↓i, |px − ipy , ↓i can be written as [129, 139]

Hk = a(k)σz s0 + b(k)σx sz + c(k)σy s0
+d(k)σx sx + e(k)σx sy
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(4.1)

In Eq. 4.1, σ and s are Pauli matrices representing the orbital degree of freedom and spin degree of
freedom respectively. The matrix s0 ≡ I2 in spin space. The functions a(k) − e(k) are defined as
a(k) = m0 − m1 kz2 − m2 (kx2 + ky2 ),

(4.2)

b(k) = ηkx ,

(4.3)

c(k) = −ηky ,

(4.4)

d(k) = (β + γ)kz (ky2 − kx2 ),

(4.5)

e(k) = −2(β − γ)kz kx ky ,

(4.6)

The parameters m0 , m1 , m2 , η, β and γ depend on the material. This Hamiltonian produces two
p
Dirac points at K = (0, 0, ± m0 /m1 ) where the energy dispersion exactly vanishes. Fig. 4.1
shows the band structure for the prototype DSM obtained by numerically diagonalizing Eq. 4.1. The
effect of an external magnetic field B, coupling to the spin degree of freedom can be now introduced
by adding the Zeeman term HZ = bz σ0 sz in the Hamiltonian, where bz = −µ·B, µ being the spinmagnetic moment, µ = −µB gs s/~. This now produces a TR broken Weyl semimetal, with four
p
Weyl points located at (0, 0, ± (±bz + m0 )/m1 ). Each Weyl node now carries a non-trivial Chern
number, which is also its chirality quantum number. Fig. 4.1 also shows the band structure for the
TR broken Weyl semimetal. Near half-filling, the Fermi surface for a Dirac semimetal consists of
two disconnected spheres, as shown in Fig. 4.1, for µ > 0. The Zeeman field then splits each sphere
into two disconnected surfaces around each Weyl point. Although the topological DSM described
by the Hamiltonian in Eq. 4.1 is characterized by a vanishing Berry curvature, the topological WSM
described by H = Hk + HZ has a nontrivial profile of Berry curvature in the Brillouin zone. The
expression for the Berry curvature is given by [142],
Ωnab = i

X hn|∂H/∂ka |mihm|∂H/∂kb |ni − (a ↔ b)
(n − m )2

n6=m

(4.7)

56

1

0.5

0.5

0

0

kz

kz

1

−0.5

−0.5

−1

−1
20
−2 −2 0 2
k
kx
y

−2 0

2 −2 0 2
ky
k
x

Figure 4.1: Left panel: Band structure of the Dirac
p semimetal given by Eq. 4.1 consisting of
two four-fold degenerate Dirac points at (0, 0, ± m0 /m1 ). Right panel: The spin-degeneracy
is liftedp
by a magnetic field producing a total of four doubly-degenerate Weyl points located at
(0, 0, ± (±bz + m0 )/m1 ). The parameters used were m2 = −η/5, m0 = −2η, m1 = −4η,
β = −η/5, γ = η, and bz = 0 (bz = 3η/5) for the (left) right panels. Bottom panels: Fermi surfaces for the doped Dirac (Weyl) metals on the left (right), when bz = 0 (bz = 3η/5), for µ = 0.16η.
The parameter η was chosen to be η = 50meV .
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The Hamiltonian H = Hk + HZ produces four bands which we have labeled by the index n in the
above expression. Also, |ni is a Bloch eigenstate of the Hamiltonian H with eigenvalue n .

4.3

Nernst effect in the presence of Berry curvature
The Nernst effect refers to the generation of a transverse electric field in the presence of a

longitudinal temperature gradient. Conventionally, the Nernst effect can occur only in the presence
of an external magnetic field, which provides a transverse velocity to the electrons by the Lorentz
force. However, a non-trivial Berry curvature Ω, can also give rise to a Nernst response as a result
of an anomalous velocity term [9]. In the presence of an external electric field E and a temperature
gradient −∇T , one can write the following linear response relations for the charge current J and
thermal current Q:










 J   σ̂ α̂   E 

=


ˆ κ̂
Q
ᾱ
−∇T

(4.8)

ˆ and α̂ are related to each other by Onsager’s relation: ᾱ
ˆ = T α̂. In the absence of
The tensors ᾱ
charge current (J = 0), we have E = σ̂ −1 α̂∇T . The Nernst coefficient ν can be derived to be

ν=

αxy σxx − αxx σxy
Ey
=
,
2 + σ2
(−dT /dx)
σxx
xy

(4.9)

Berry curvature significantly contributes to the conductivities σ and α. In the presence of Berry
curvature Ωk , the semi-classical equation of motion for an electron takes the form[9, 112] ṙ =
1 ∂(k)
~ ∂k

+

ṗ
~

× Ωk . The first term is the familiar relation between semi-classical velocity ṙ and the

band energy dispersion (k). The second term is the anomalous transverse velocity term originating
from Ω(k). In the presence of electric and magnetic fields we also have the standard relation ṗ =
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eE + eṙ × B. These two coupled equations for ṙ and ṗ can be solved together to obtain [113, 114]


e
e
ṙ = D(B, Ωk ) vk + (E × Ωk ) + (vk · Ωk )B
~
~


e
e2
ṗ = D(B, Ωk ) eE + (vk × B) + (E · B)Ωk
~
~

(4.10)
(4.11)

where D(B, Ωk ) = (1 + e(B · Ωk )/~)−1 .
Using the semi-classical Boltzmann equations in the presence of a non-zero electric and
magnetic field and a Berry curvature, one can derive the following thermoelectric and charge conductivity tensors (σ and α) which include contributions from the B and Ωk [140, 141, 59, 71].

σxx = −e

2

2

Z
Z

[dk]vx2 τ



[dk](vy2 cy

σxy = −e
Z
e2
+
[dk]Ωz f0
~

∂feq
−
∂


(cx − D)



∂feq
+ vx vy (cx − D))τ −
∂
(4.13)





∂feq
−µ
αxx = e
−
(cx − D)
τ
T
∂



Z
∂feq
−µ
2
αxy = e [dk](vy cy + (cx − D)vx vy ) τ
−
T
∂
Z
kB e
[dk]Ωz sk
+
~
Z

(4.12)

[dk]vx2

(4.14)

(4.15)

where vx ≡ ~−1 ∂k /∂kx , and vy ≡ ~−1 ∂k /∂ky are the band velocities, F is the Fermi energy, τ is the scattering time, [dk] ≡

d3 k
,
(2π)3

f0 is the Fermi-Dirac distribution, sk = −f0 log f0 −

((1−f0 ) log(1−f0 )) is entropy density for the free electron gas. The scattering time τ usually has a
non-trivial energy and momentum dependence. In this work we have assumed τ to be a phenomenological constant, which suffices for our discussion and does not change our qualitative results. The
correction factors cx , cy , and D in Eq. 4.12-4.15 have lengthy expressions and have been discussed
elsewhere [140]. In the absence of Berry curvature D → 1, and cx − D → −1 (up to zeroth order
in B). It is important to note that the longitudinal conductivities (σxx , αxx ) are also modified from
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their standard Boltzmann expressions due to Berry curvature corrections. If these corrections can
be ignored, then Eq. 4.12, 4.14 reduce to the following [124]


∂feq
−
,
σxx = e
∂


Z
∂feq
e
2
,
αxx = −
[dk]vx τ ( − µ) −
T
∂
2

Z

[dk]vx2 τ

(4.16)
(4.17)

Similarly, if the Berry curvature corrections to the conventional B-dependent conductivities are
ignored, then Eq. 4.13, 4.15 reduce to [9, 124]

σxy = −
+

e2
~

e3 τ 2 B
~

Z


 2 2

∂f0
vx ∂  vx vy ∂ 2 
[dk] −
−
∂
∂ky2
∂kx ∂ky

Z
[dk]Ωz f0

(4.18)


 2 2

Z
e3 τ 2 B
∂f0
vx ∂  vx vy ∂ 2 
αxy =
[dk]( − µ) −
−
T~
∂
∂ky2
∂kx ∂ky
Z
kB e
[dk]Ωz sk
+
~

4.4

(4.19)

Conventional Nernst response
The conventional Nernst coefficient can be deduced by using Eqs. 4.16-4.19 in the limit

Ωk → 0, and the definition of ν (Eq. 4.9). In conventional metals, the quasiparticle Nernst coefficient is usually small as a result of Sondheimer cancellation [143, 144]. For example, the Nernst
coefficient ν/B is 3.9nV /KT for Al, and −21.6nV /KT for Cu. In the limit of small µ, the conventional Nernst coefficient for a linearized Dirac Hamiltonian (k = ~vF σ · k) can be derived to
be [140]
ϑ0 = −

2 T eBv 2 τ
π 2 kB
F 0
,
3 e
~

(4.20)

where τ0 parametrizes the scattering time. If τ0 is large, then the Nernst coefficient can also be
parametrically large even in the presence of Sondheimer’s cancellation. For our model and the
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Figure 4.2: Berry curvature Ωz in the kx = 0 plane for the Weyl semimetal phase of the Hamiltonian
in Eq. 4.1, for bz = η/5. The Berry curvature peaks around the nodal (Weyl) points on the kz axis.
For a small chemical potential, when the Fermi surface just encloses the Weyl points, the Nernst
response is primarily dominated by the anomalous Berry curvature dependent contributions.
chosen parameters, using Eqs. 4.16-4.19 with Ωk → 0, we found that the conventional Nernst
coefficient is at least two orders of magnitude smaller than the anomalous Berry curvature dependent
response, due to the peaks in the Berry curvature near µ = 0 at the four nodal Weyl points (see Fig.
3). Importantly, the sign of the Nernst coefficient is not directly related to the sign of the dominant
charge carriers in the material. It can be either positive or negative for an electron or a hole-like
Fermi surface, depending on the detailed Fermi surface topology [144, 145]. Our model produces a
negative conventional Nernst signal (for positive bz ) at low temperatures (T ∼ 10K), and a positive
Nernst signal (for positive bz ) at higher temperatures (T ∼ 100K). Further, electron (µ > 0) or
hole (µ < 0) doping does not change the sign of the conventional Nernst coefficient.
Though the conventional quasiparticle Nernst signal is known to be small, the Nernst effect
has been used as a probe for high-Tc cuprate superconductors, where vortex movement is wellknown to give rise to a large positive Nernst signal [144, 12]. This also forms the commonly used
convention to assign a definite sign to a Nernst signal. We have followed this sign convention in our
work.
At low temperatures, the Mott relation gives αij as a derivative of σij with respect to the
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Figure 4.3: Top panel: Sondheimer’s cancellation for conventional quasiparticle Nernst effect. The
magnitudes of the Hall angle ΘH and the Peltier angle ΘP are close to each other, with sgn(ΘH ) =
sgn(ΘP ), resulting in a small Nernst signal in the presence of a longitudinal temperature gradient
−∇T and a perpendicular magnetic field B. The red arrows represent the current direction due
to the electric field and temperature gradient. Bottom panel: The Hall and the Peltier angles no
longer have the same signs for the anomalous Nernst response in a Dirac semimetal, resulting in
no net Sondheimer’s cancellation. The magnetic field breaks TR symmetry giving rise to a Weyl
system with a measurable Nernst signal (electric field generated in the y direction for a temperature
gradient −∇T in the x direction), which is primarily anomalous response due to the peaking of the
Berry curvature for small chemical potentials.

62

chemical potential [124]. Specifically,

αij = −

2T
∂σij
π 2 kB
3 e ∂µ

(4.21)

The Mott relation (at least at low temperatures) remains valid for both conventional and anomalous
conductivities. Using the Mott relation, the Nernst coefficient ν can be derived to be

ν=−

2T
∂ΘH
π 2 kB
,
3 e ∂µ

(4.22)

where ΘH = σxy /σxx is the Hall angle, in the limit σxy  σxx . Expanding ∂ΘH /∂µ, we have
2

ν = − π3

2 T
kB
2
eσxx

=



αxx
σxx

σxx

∂σxy
∂µ

xx
− σxy ∂σ
∂µ

(ΘP − ΘH ) ,


(4.23)

where ΘP is the Peltier angle, with ΘP = αxy /αxx . For a Dirac node having a spherical Fermi surface the longitudinal conductivity (σxx ), which depends on the area of the Fermi surface, increases
(decreases) for an electron (hole) doped system, with increasing µ. The Hall conductivity (σxy ),
which correlates with the Fermi surface curvature is negative (positive) for electron (hole) doping.
However, σxx > 0, and ∂σxy /∂µ < 0 for both electron and hole-like Fermi surfaces. Hence the
Hall and Peltier angles carry the same sign in Eq. 4.23. Sondheimer’s cancellation [143, 144, 12]
occurs when the angles ΘH and ΘP are close to each other in magnitude and have the same sign,
sgn(ΘH ) = sgn(ΘP ). This is the case in our calculation of the conventional Nernst response, resulting in a conventional Nernst coefficient much smaller in magnitude than the anomalous Nernst
coefficient, which does not undergo Sondheimer cancellation. This has also been illustrated in
Fig. 4.3, where the currents due to charge conductivity tensor σ and the Peltier coefficient α, oppose each other, in the case of conventional Nernst response.
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Figure 4.4: Nernst coefficient (ν/T ) as a function of applied magnetic field B, for the Dirac
semimetal at µ = +η/5 (with an electron-like Fermi surface). The full Nernst coefficient has
been plotted, though the response is primarily dominated by the anomalous contribution. At lower
temperatures, the behavior is characterized by an almost step like profile at B = 0. However, exactly at B = 0 there is no Nernst signal from either conventional or anomalous contributions. The
estimated Nernst coefficient is of the order ∼ µV /K 2 .

4.5

Anomalous Nernst response
In the presence of Berry curvature (Ωk ), Eq. 4.16-4.19 can be used to compute the Nernst

coefficient. The anomalous transverse conductivities can be extracted to be
Z
e2
=
[dk]Ωz f0 ,
~
Z
kB e
A
αxy
=
[dk]Ωz sk ,
~

A
σxy

(4.24)
(4.25)

A depends on the Berry curvature of the filled bands, but αA is a Fermi surface
The quantity σxy
xy

quantity, because sk is zero for completely filled and empty bands. It is for this reason, that an
A ), but not αA . The Dirac semimetal itself
insulator can give rise to an anomalous Hall response (σxy
xy

does not result in an anomalous Nernst signal, as the net flux of Berry curvature exactly vanishes
everywhere in the Brillouin zone. Under the application of an external magnetic field B, each
Dirac node splits into two Weyl nodes, and near half-filling a Weyl semimetal is realized. The
transition from a Dirac semimetal to a Weyl semimetal under the application of a magnetic field has
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been highlighted in Fig. 4.1. A Weyl semimetal has a non-trivial distribution of magnetic flux (as
illustrated in Fig. 4.2), and an anomalous Nernst signal can thus be expected.
A)
Unlike the conventional Hall conductivity (σxy ), the anomalous Hall conductivity (σxy

has a different behavior with respect to changes in the chemical potential. The magnitude of the
anomalous Hall conductivity peaks near the band-touching points at µ = 0, as in the vicinity of
these points the Berry curvature is sharply peaked (Fig. 4.2). For small electron or hole doping,
A decreases. The Mott
when µ 6= 0, the Berry curvature effects reduce and the magnitude of σxy
A for electron (positive sign) and hole doping
relation (Eq. 4.21), thus produces opposite signs of αxy
A = 0 for an arbitrary µ, if the underlying
(negative sign). The anomalous Peltier coefficient αxy

quasiparticle dispersion is that of of an unbounded linearized spectrum of Weyl fermions, because
A is robust to changes in the Fermi energy [141, 140]. Specifically, σ A =
then σxy
xy

e2
k
2π 2 ~ 0

for

a simple linearized model of a Weyl semimetal with node separation given by k0 in momentum
A remains
space [11, 29, 57]. However, for a physical Weyl semimetal with an ultraviolet cutoff, αxy

generically finite [140].
A , αA ), the Hall (Θ ) and Peltier
Now we can note that for the anomalous conductivities (σxy
H
xy

(ΘP ) angles, irrespective of their own magnitudes (which may or may not be of the same order),
have opposite signs of each other, sgn(ΘH ) = −sgn(ΘP ) (contrasted with the case of conventional
Nernst response where sgn(ΘH ) = sgn(ΘP )). This suggests that Sondheimer’s cancellation does
not take place, generating a measurable anomalous Nernst signal, stronger than the conventional
quasiparticle Nernst signal. This feature has also been illustrated in Fig. 4.3. The angles ΘH and
ΘP carrying opposite signs result in a net non-zero electric field Ey in the transverse direction.
The overall sign of the anomalous Nernst signal in the present case correlates with the sign of the
A.
anomalous Hall conductivity σxy

We numerically compute the full Nernst coefficient, including contributions from the the
conventional B-dependent responses and the anomalous responses, using Eq. 4.12-4.15. In Fig. 4.4,
we plot the estimated Nernst coefficient (ν/T ) as a function of external magnetic field B applied
in the ẑ direction. As suggested by our previous discussion, the Nernst response is primarily dominated by the anomalous contribution. This is further confirmed by our numerical results, where the
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conventional Nernst coefficient was found to be at least two orders of magnitude smaller than the
anomalous Nernst coefficient. At lower temperatures (∼ T < 100K), the behavior of the Nernst
coefficient (ν/T ) is characterized by an almost step like profile at B = 0. The distribution of the
A . For B < 0, σ A < 0,
flux of the Berry curvature determines the anomalous Hall conductivity σxy
xy
A > 0. Exactly at B = 0, one does not expect a finite σ A , or a finite ν, as
and for B > 0, σxy
xy
A.
Ω(B=0) = 0. As pointed out before, the sign of ν directly correlates with the sign of σxy

4.6

Conclusions
Three dimensional topological Dirac semimetals are characterized by nodes in the bulk en-

ergy spectrum with a vanishing Chern number. Because of the vanishing flux of the Berry curvature
through any surface in the Brillouin zone, anomalous Hall and Nernst conductivities vanish in a
topological DSM in the absence of a magnetic field. In the presence of a magnetic field, however,
a topological DSM reduces to a Weyl semimetal, evincing a non-zero Hall and Nernst response,
which have contributions from both conventional as well as anomalous (Berry curvature mediated)
components. In this chapter we consider a topological DSM with a pair of Dirac nodes on a high
symmetry axis (axis of four fold rotational symmetry, C4 ), which is an appropriate description of
the experimentally realized Dirac semimetal Cd3 As2 . For this system we compute the total Nernst
coefficient (conventional as well as anomalous) in the presence of a small finite magnetic field ( a
few Tesla) and small chemical potential, within the Boltzmann description in the relaxation time
approximation. We find that the conventional Nernst response is typically small due to Sondheimer
cancellation, and can be of either sign depending on temperature, small and negative at low temperatures (∼ 10 K), and small and positive at higher temperatures (∼ 100 K). In contrast, we find that
the anomalous Nernst response is large and positive because of the peaking of the Berry curvature in
the limit of small chemical potentials and due to the absence of Sondheimer cancellation. Our calculated anomalous Nernst coefficient is almost two orders of magnitude larger than the conventional
Nernst coefficient at similar temperatures and magnetic field. The measured Nernst coefficient, thus,
is expected to be dominated almost entirely by the anomalous Nernst effect, at least in the limit of
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small temperatures. At low temperatures, the behavior of the total Nernst coefficient is characterized
by an almost step like profile at B = 0. However, exactly at B = 0 there is no Nernst signal, from
either conventional or anomalous contributions, because of the restoration of time reversal symmetry. Our results have direct experimental relevance for Nernst and thermoelectric measurements on
the experimentally available topological DSMs Cd3 As2 and Na3 Bi.
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Chapter 5

Normal-state Nernst effect from
bidirectional bond density wave state
Abstract
The Nernst effect has been used as a probe for superconducting high-Tc systems. Superconducting fluctuations can give rise to a Nernst signal, however even the enigmatic pseduogap phase
of the cuprates produce a non-zero Nernst signal. The charge density wave (CDW) state has been
recently experimentally discovered in the pseudogap phase and has been found to be accompanied
by a d-wave intra-unit-cell form factor giving rise to the so-called bond-density wave (BDW) phase.
Here we take a mean field bi-directional BDW phase with a d-wave form factor, and calculate the
Fermi surface topology and the resulting quasiparticle Nernst coefficient as a function of temperature and doping. We establish that, in the appropriate doping ranges where the low-temperature
phase is a BDW, the Fermi surface consists of electron and hole pockets, resulting in a low- temperature negative Nernst coefficient as observed in experiments. A part of this chapter was published
in Physical Review B 92, 155114 (2015).

68

5.1

Introduction
In the previous two chapters we discussed the Nernst response in a TR broken Weyl semimetal

phase, and also in a Dirac semimetal. We established that the Weyl semimetal does give rise to a
non-zero Nernst signal (both anomalous and conventional). In conventional metals, the Nernst coefficient is usually small as a result of Sondheimer cancellation. For example, the Nernst coefficient
ν/B is 3.9nV /KT for Al, and −21.6nV /KT for Cu. Importantly, the sign of the Nernst coefficient
is not directly related to the sign of the dominant carriers in the material. It can be either positive or
negative for a electron or a hole-like Fermi surface, depending on the detailed Fermi surface topology. Though the conventional quasiparticle Nernst signal is known to be small, the Nernst effect has
been used as a probe for high-Tc cuprate superconductors, where vortex movement is well-known
to give rise to a large positive Nernst signal. This also forms the commonly used convention to
assign a definite sign to a Nernst signal. Interestingly, even the pseudogap phase in high-TC curate
superconductors also gives rise to Nernst response, which is negative in sign. We will first briefly
introduce this physical system (the pseudogap phase) below, and then discuss its Nernst response.
The origin and character of the enigmatic pseudogap phase in the underdoped regime of
high-temperature cuprate superconductors remains an open problem [146, 147]. While the insulating parent compounds of these systems are well understood as three-dimensional (3D) antiferromagnetic Mott insulators, the normal (non-superconducting) phase above the superconducting
transition temperature (Tc ) at finite hole doping evinces an anisotropic spectral gap (pseudogap) at
low energies below a temperature scale T ∗ > Tc , and it behaves strikingly differently from a Fermi
liquid. Understanding the pseudogap phase from which superconductivity develops at lower temperatures is generally understood to be the key to understanding d-wave superconducting pairing
and the anomalously high transition temperature of the superconducting phase of high-Tc cuprates.
Recent theoretical and experimental work has proposed the role of various charge, spin,
electron nematic, and current ordered states competing with superconductivity, and also the role of
superconducting fluctuations themselves, to explain the pseudogap phase above Tc [146, 147, 148,
149, 150, 98, 151, 152, 144]. In the class of materials YBa2 Cu3 O6+x (YBCO), exquisite quantum
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oscillations of various electronic properties with applied magnetic field, strong enough to suppress
superconducting fluctuations and reveal the underlying normal state, have revealed small Fermi
pockets in the excitation spectrum reminiscent of a broken symmetry state competing with superconductivity in the under doped regime. [153, 154]. The existence of such small Fermi pockets
in the underdoped regime combined with a large hole like Fermi surface in the overdoped regime,
indicates that the normal state of the cuprates, in the absence of superconductivity, goes through a
Fermi surface reconstruction somewhere near optimal doping. Independent evidence of a similar
Fermi surface reconstruction, from being large and hole-like in the overdoped phase to small and
electron-like at underdoping, is also apparent from the measurements of the low-temperature Hall
and Seebeck coefficients, which turn from positive at higher doping to negative in the underdoped
regime [155, 156, 157]. Since the signs of the Hall and Seebeck coefficients are determined by
the sign of the dominant charge carriers, the low-temperature negative sign of these coefficients in
the underdoped regime (in the absence of superconductivity) can be explained by the existence of
electron pockets. Interestingly, the low-temperature Nernst coefficient, which measures the transverse voltage induced by a longitudinal thermal gradient in the presence of a perpendicular magnetic
field, has also been found to be negative in the under doped regime, while being vanishingly small
at higher doping. While the sign of the Nernst coefficient, unlike that of the Hall and Seebeck
coefficients, is not directly related to the sign of the dominant charge carriers, but it also depends
of the curvature and topology of the Fermi surface, the strikingly different behaviors of the lowtemperature Nernst response at low and high hole dopings also point to the existence of a Fermi
surface reconstruction near optimal doping. Although various charge, spin, and current ordered
states have been proposed to account for the Fermi surface reconstruction in YBCO [158, 159],
none had been observed in bulk-sensitive probes until recently.
In recent x-ray diffraction experiments, two groups have independently found strong evidence for a short-range charge density wave phase below the pseudogap temperature scale T ∗ for a
range of hole doping in the underdoped regime of YBCO [160, 161, 162, 163]. In these experiments,
it is not conclusively known if the x-ray diffraction peaks derive from an equal distribution of domains with uni-directional stripe-like correlations or from correlations with wave vectors (q1 , 0, 0.5)
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and (0, q2 , 0.5) (with q1 ∼ q2 ∼ 0.31) co-existing as in a bi-directional CDW state. However, the
lack of anisotropy in the scattering signals such as intensities and widths, and also the salient difference from the stripe like states as observed in the LSCO family, such as the absence of a coincident
magnetic order and the strikingly different behavior of the modulation wave vector with hole doping [164], indicate that the short-ranged CDW correlations observed in the YBCO family may be
different from stripes and in fact an incipient CDW order that is bidirectional. Although the temperature (T ) dependence of the correlation length above Tc and only short-range correlations in the
CuO2 planes indicate that the observed charge order is only quasi-static, the near divergence of the
correlation length as T → Tc , and the fact that the scattering signals significantly increase upon application of a magnetic field below Tc , indicate that a true thermodynamic CDW transition at some
critical temperature (TCDW < Tc ) may be preempted by the superconducting transition at Tc . Furthermore, recent inelastic x-ray scattering and nuclear magnetic resonance experiments indicated
that the short-range charge order observed below T ∗ is in fact truly static [165, 166], presumably
due to pinning by the disorder potential. Evidence for a similar charge density wave transition in the
underdoped regime has also been found in other recent experiments [167, 168, 169, 170, 171]. In
at least two recent experiments [170, 171], the charge order has been found to be accompanied by
a d-wave intra-unit-cell form factor, indicating modulation of charge density on the oxygen orbitals
sandwiched between neighboring Cu atoms on the CuO planes [the so-called bond-density wave
(BDW) state]. Taken together, although it is unclear at the moment if the bond density wave order
observed in the cuprates is static and long-ranged or fluctuating and short-ranged below T ∗ , it is
clear that its role in the fermiology of the cuprates should be significant especially at low temperatures (T < Tc ) and in high magnetic fields (sufficient to suppress superconductivity) where the
bidirectional bond density wave is expected to develop long-range order resulting in Fermi surface
pockets in the single-particle spectrum.
An important part of the fermiology of the cuprates is the normal-state Nernst effect in
the pseudogap phase. The Nernst response, which measures the transverse voltage induced by
a longitudinal thermal gradient in the presence of a perpendicular magnetic field, is defined to
be positive if dominated by vortices in a superconductor. While the quasiparticle Nernst signal
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is typically small for conventional metals due to Sondheimer cancellation, the signal carried by
vortices can be large and positive in the presence of superconducting fluctuations, as has been found
in the cuprates near superconducting Tc and above. Suppressing the superconducting fluctuations
by a strong magnetic field reveals the normal-state Nernst coefficient (ν/T , with T the temperature),
and this has been found to drop with decreasing T in the pseudogap phase, culminating in a negative
ν/T as T → 0 [156, 172]. The low-temperature negative Nernst response as T → 0 is reminiscent
of a similar change of sign (with decreasing T ) in other transport signatures of the pseudogap
phase, such as Hall and Seebeck coefficients [155, 156, 157]. The signs of the Hall and Seebeck
coefficients are determined by the sign of the dominant charge carriers, and they can be explained
by the existence of an electron pocket centered at (Q/2, Q/2) where the bi-directional BDW state is
a superposition of CDWs (with d-wave form factors) with ordering wave vectors (Q, 0) and (0, Q).
This is similar to the recently found result of a change of sign (with decreasing temperature) of
the Hall and Seebeck coefficients in the bi-directional CDW state without the d-wave form factors
[173]. The sign of the Nernst coefficient, on the other hand, is not directly determined by the sign
of the dominant charge carriers, and thus it may or may not be the same as the sign of the Hall and
Seebeck coefficients.
In this chapter, we investigate if the quasiparticle Nernst coefficient in the mean-field BDW
state does indeed show a drop with decreasing temperature, with ν/T eventually becoming negative as T → 0, as seen in experiments. We consider a two-dimensional (2D) bi-directional
Q1 = (2π/3, 0) and Q2 = (0, 2π/3) BDW state in mean-field theory (valid for temperatures
T < TBDW and magnetic fields high enough to eliminate the superconductivity), and we investigate the quasiparticle Nernst coefficient as functions of temperature and hole doping appropriate
for the underdoped regime of the cuprates. Although the experimental evidence shows a slight incommensuration in the BDW scattering vectors (i.e., q1 ∼ q2 ∼ 0.31), in this chapter we work
with a commensurate BDW for simplicity (i.e., we take q1 = q2 = 0.33, corresponding to charge
modulations with periodicity of three lattice vectors). We find that, below the BDW transition temperature and in the appropriate regime of hole doping, the Fermi surface topology changes from
a large hole-like Fermi surface at higher doping (where there is no BDW) to small Fermi surface
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pockets at lower doping. A similar Fermi surface reconstruction in terms of a CDW state was recently assumed to explain the low frequency of quantum oscillations in the pseudogap phase of the
cuprates [174, 169]. We find that the quasiparticle Nernst coefficient in the mean-field BDW state
does indeed show a drop with decreasing temperature, with ν/T eventually becoming negative as
T → 0, as seen in experiments.
This chapter is organized as follows: In Sec. 5.2, we consider the Hamiltonian for the
BDW state and examine the energy spectrum and the reconstruction of the Fermi surface. In Sec.
5.3, we define the quasiparticle transport coefficients which we compute numerically using Boltzmann semiclassical equations. In Sec. 5.4, we present our numerical results for the Seebeck, Hall
and Nernst coefficients for the BDW state, and we show that they all become negative at low temperatures. We end with a summary and conclusion in Sec. 5.5.

5.2

Model and formalism
In a mean-field picture, the Hamiltonian describing a density wave ordered state can be

written as,
H DW =

X

[W (k)c†k+Q,σ ck,σ + h.c.],

(5.1)

k,Q,σ

where W (k) is the order parameter, which can generally describe a charge, orbital current, or a
bond density wave in cuprates, depending on the form factor W (k). The operator c†k,σ creates
an electron of spin σ with momentum k, and Q denotes the modulation wave vector. Charge
modulations with a periodicity of 1/δ (1/δ integer) lattice vectors describe a commensurate CDW
state. The modulations can be given by a uni-directional modulation Q1 = 2π(δ, 0) or Q2 =
2π(0, δ) or a superimposition of the two wave vectors, in which case the CDW is bi-directional.
A modulation wave-vector of type Q = 2π(δ, δ) can describe a third variant of the same CDW
state. The functional dependence of the form factor W (k) and the modulation vector Q distinguish
different density wave states; for example, Q = (π, π) and W (k) = (cos kx − cos ky ) is the
well-known staggered flux or d-density wave (DDW) state [149].
The tight-binding description for electrons on a two-dimensional square lattice of a unit
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Figure 5.1: (Color online) Bond order modulation in real space over a spacing of three lattice vectors. Plot of |ψBDW (x, y)|2 − |ψ(x, y)|2 in real space of lattice constant a, where
ψ(x, y)/ψBDW (x, y) is the lowest energy wave function without/with bond order parameter W =
0.2t1 .
lattice constant is given by the energy dispersion relation

k = −2t1 (cos kx + cos ky ) + 4t2 cos kx cos ky
−2t3 (cos 2kx + cos 2ky ),

(5.2)

where t1 , t2 and t3 are the nearest-neighbor, next-nearest-neighbor, and next-to-next-neighbor hopping parameters. For all numerical calculations, we chose the parameters t1 = 0.3 eV , t2 = 0.3t1
and t3 = 0.1t2 which reproduce the non-interacting Fermi surface (see Fig. 5.3). We now focus
on the Hamiltoniain for the BDW state. The following real space mean field Hamiltonian couples
fermions to the bond order[175]

HBDW

=

P
r,a,σ


[Wa eiQ1 ·(r+a/2) + eiQ2 ·(r+a/2) c†r+a,σ cr,σ
+h.c],

(5.3)

where in the sum r denotes the lattice sites, and the vector a represents all the nearest neighbors
vectors. The operator cr,σ annihilates an electron of spin σ at the site r. Recent experiments suggest
that the bond order Wa resembles the d-wave form factor W±x̂ = −W±ŷ = W0 /2 [170, 171].
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The vectors Q1 = 2π(δ, 0) and Q2 = 2π(0, δ) describe the periodic modulation of the bond order
where δ = 1/3, indicating a commensurate BDW order with a periodicity of three lattice vectors.
The bond density wave order effectively redefines the hopping amplitude t1 modulating it spatially.
Fig. 5.1 shows the bond order modulation in real space for the chosen modulation vectors. It is
useful to Fourier transform Eq. (5.3) and rewrite the equation in momentum space:

HBDW (k) = W0

P
k,σ

[(cos kx − cos ky ) c†k+Q1 /2,σ ck−Q1 /2,σ

+c†k+Q2 /2,σ ck−Q2 /2,σ ] + h.c,

(5.4)

where ck,σ is the annihilation operator for an electron of momentum k and spin σ. The total Hamiltonian HM F for the system is

HM F =

X

k c†k,σ ck,σ + HBDW ,

(5.5)

k,σ

which can be expressed in terms of a nine component operator
Ψ† (kσ) = [c†k , c†k+Q1 , c†k−Q1 , c†k+Q2 , c†k+Q1 +Q2 , c†k−Q1 +Q2 , c†k−Q2 , c†k+Q1 −Q2 , c†k−Q1 −Q2 ] as
HM F =

Ψ†k,σ H(k)Ψk,σ

X
k∈RBZ,σ
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(5.6)

where RBZ is the reduced Brillouin zone (−π/3 < kx < π/3, −π/3 < ky < π/3) and H(k) is
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(5.7)

Details of the non-zero entries wij in the Hamiltonian matrix are given below.

w12

= W0 (cos (kx + π/3) − cos ky ) , w13

= W0 (cos (kx − π/3) − cos ky ) ,

w14

= W0 (cos kx − cos (ky + π/3)) , w17

= W0 (cos kx − cos (ky − π/3)) ,

w23

= W0 (cos (kx + π) − cos ky ) , w25

= W0 (cos (kx + 2π/3) − cos (ky + π/3)) ,

w28 = W0 (cos (kx + 2π/3) − cos (ky − π/3)) , w36 = W0 (cos (kx − 2π/3) − cos (ky + π/3)) ,
w39 = W0 (cos (kx − 2π/3) − cos (ky − π/3)) , w45 = W0 (cos (kx + π/3) − cos (ky + 2π/3)) ,
w46 = W0 (cos (kx − π/3) − cos (ky + 2π/3)) , w47 = W0 (cos kx − cos (ky + π)) ,
w56

= W0 (cos (kx + π) − cos (ky + 2π/3)) , w58

= W0 (cos (kx + 2π/3) − cos(ky + π)) ,

w69

= W0 (cos (kx − 2π/3) − cos(ky + π)) , w78

= W0 (cos (kx + π/3) − cos (ky − 2π/3)) ,

w79 = W0 (cos (kx − π/3) − cos (ky − 2π/3)) , w89 = W0 (cos (kx + π) − cos (ky − 2π/3)) .

∗ . Diagonalizing
Note that the hermiticity of the matrix imposes the condition that wji = wij

the Hamiltonian H(k) in Eq. (5.7), we obtain the energy eigenvalues En (k) and the corresponding
eigenvectors. Fig. 5.2 shows the relevant bands of Hamiltonian HM F near the chemical potential
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out of a total of 9 bands. One notes the presence of an electron pocket centered at (π/3, π/3) and
a hole pocket at (π/3, 0) and symmetry related points, which are also depicted in the reconstructed
Fermi surface in Fig. 5.3.
In Fig. 5.4, we plot the electron spectral function for the BDW Hamiltonian. The electron
spectral function A(ω, k) is given by
1
A(ω, k) = − Im Gret (ω, k),
π

(5.8)

where Gret (ω, k) is the retarded Green’s function for the Hamiltonian. A(ω, k) essentially maps out
the Fermi surface as it should be observed in angle-resolved photoemission spectroscopy(ARPES)
experiments. In contrast to the Fermi surface plot in Fig. 5.3, the electron spectral function is not
2π/3 periodic in kx and ky , but it is weighted by the coherence factors at each point on the Brillouin
zone[176]. A very similar ARPES spectral function for the BDW phase with slight incommensuration has recently appeared in Ref. [ [175]].
The hole doping in the cuprates is conventionally counted from half-filling, i.e., one electron
per Cu atom. If n denotes the fraction of an occupied number of states in the Brillouin zone, then
the doping p = 1 − 2n. The fraction n is calculated as

n=

X

f (En (k)),

(5.9)

n,k∈RBZ

where f (En (k)) = 1/(1+eβ(En (k)−µ) ) is the Fermi distribution function which at zero temperature
is simply a step function Θ(µ − En (k)). We find that µ behaves linearly with doping p. Half filling
(p = 0) is evaluated to be at µ = −0.7055t1 and a doping of p = 12.5% is found at µ = −1.0016t1 .

5.3

Quasiparticle transport coefficients
The sign of the transport coefficients such as the Hall and Seebeck coefficients reveals

information about the carrier types (electron or holes) and also the underlying Fermi surface. We
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Figure 5.2: (Color online) Energy bands of the BDW state for W = 0.22t1 (a) along the path (0, 0)
to (2/3, 0), (b) along (2/3, 0) to (2/3, 2/3), and (c) from (2/3, 2/3) to (0, 0). (d) Energy bands in
the limit of W → 0. The solid black line indicates the chemical potential corresponding to a doping
of 11%.
use the formalism of linear response theory to calculate the Hall, Seebeck and Nernst coefficients
for the BDW state. We recall from the previous two chapters that the charge current J and the
thermal current Q can be related to the electric field E and the temperature gradient ∇T as








ˆ
 J   σ̂ −α   E 

=


ˆ
Q
T α̂ −κ
∇T

(5.10)

The use of three conductivity tensors σ̂, κ̂ and α̂ is sufficient to relate thermal and electrical effects.
The diagonal components of the matrix in Eq 5.10 give us the electrical and thermal conductivity
while α̂ interrelates the thermal current and the charge current to electric field and the temperature
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Figure 5.3: (Color online) Fermi surface reconstruction for the BDW state for p = 11% consisting
of an electron pocket at (π/3, π/3) and hole pockets at (π/3, 0) and (0, π/3). The green contour
shows the Fermi surface without the BDW order parameter, i.e., W = 0. The smallest square at
the center enclosed by a dashed line is the reduced Brillouin zone (RBZ) appropriate for the BDW
state.
gradient, respectively. Applying a temperature gradient ∇T across the x axis of the sample, an
−1 α̂ ∇ T , and the Seebeck coefficient S is
electric field Ex is generated across given by Ex = σ̂xx
xx x

defined as S = αxx /σxx . Applying a magnetic field in the perpendicular direction now generates a
Hall current Jy , and the Hall coefficient is given by RH = σxy /σxx σyy .
As already discussed in detail in the previous two chapters, the Nernst effect measures
transverse electrical response to a thermal gradient in the absence of a charge current i.e. Ey = −ϑ
dT /dx, where ϑ is the Nernst coefficient, and we apply −dT /dx thermal gradient along the x
direction, which is the appropriate experimental convention. From Eq. 5.10 it follows that the
Nernst coefficient ϑ is
ϑ=

Ey
αxy σxx − αxx σxy
=
2 + σ2
(−dT /dx)
σxx
xy

(5.11)

For magnetic field B pointing in the z direction, we redefine the Nernst coefficient to be ν = ϑ/B.
The quantity ν/T is the one that is determined experimentally. It is important to clarify the sign
convention of the Nernst coefficient chosen here according to which the sign of the superconducting
Nernst signal is opposite to that of standard textbook convention [12]. According to this convention,
79

Figure 5.4: Electron spectral function A(ω = 0, k) in the presence of bi-directional bond order
Q1 = (2π/3, 0) and Q2 = (0, 2π/3) at a doping value of p = 10%. Fermi surface reconstruction
due to BDW results in the formation of small electron and hole-like pockets which are also observed
in Fig. 5.3. The electron spectral function, unlike the bare Fermi surface, is weighted at each point
of the BZ by coherence factors and therefore in general is not a periodic function of Q1 or Q2 . A
similar spectral function for the BDW phase was also reported earlier [175].
the sign of the Nernst signal of the vortices is positive when there is a negative temperature gradient
along the x axis.
We employ the semi-classical Boltzmann equations approach for the calculation of conductivities in the relaxation-time approximation [177] with the bidirectional BDW modulation.

αxx =

αxy

2e X
T n

Z

τ (k)(vnx )2 En (k)

∂f [En (k)] 2
d k
∂En (k)

Z
2e2 B X
∂f [En (k)] y xy
=
[τ 2 (k)(vnx )2 En (k)
(vn vn − vnx vnyy )]d2 k
T
∂E
(k)
n
n

σxx = −2e2

XZ

τ (k)(vnx )2

n
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∂f [En (k)] 2
d k
∂En (k)

(5.12)

(5.13)

(5.14)

σxy = −2e3 B

XZ
n

[τ 2 (k)vnx

∂f [En (k)] y xy
(vn vn − vnx vnyy )]d2 k,
∂En (k)

where n is the band index, vnx is the semi-classical quasi-particle velocity vnx =
y
∂vn
∂ky .

(5.15)

∂En (k)
∂kx

and vnxy =

The integration is restricted to RBZ and the energy eigenvalues En (k) are measured rela-

tive to the chemical potential. The factor of 2 present in the numerators takes into account the
spin-degeneracy of the energy bands, and τ (k) is the scattering time, which takes in to account
interactions between quasiparticles and impurities, phonons and other quasiparticles. We point out
that τ (k) is assumed to be independent of energy but we retain a possible momentum dependence
which yields a positive Seebeck coefficient in the normal state consistent with experiments. We assumed the scattering time τ (k) = (1 + α(cos kx + cos ky ))2 , where the parameter α is chosen to be
0.4 [173]. The precise functional form of τ (k) is unimportant, however, and any other momentum
dependence of the scattering time that produces a positive sign of the Seebeck coefficient at high
temperatures works just as well. Note that an assumption of a momentum-independent τ results in
a negative Seebeck coefficient in the normal state [178, 179, 180] (i.e., above the BDW transition
temperature), inconsistent with experiments [155, 156, 157]. So although the Nernst coefficient
ν/T is robust and negative in the BDW phase as T → 0 even with a momentum-independent τ ,
which is our central result of this chapter, we retain a momentum-dependent scattering time only
to be consistent with the sign of the high-temperature Seebeck coefficient (which is not the focus
of this work) [173]. The temperature dependence of the conductivities arises from the factor ofthe
derivative of the Fermi function ∂f (E(k))/∂E(k) which takes the form of a Dirac-Delta function
at absolute zero.
By examining the definitions of α and σ, we note that we can make τ (k) and B dimensionless by replacing τ (k) → τ (k)/τ0 and B → B(eτ0 t1 a2 /~2 ). Here τ0 = τ (k = (π/2, π/2))
is a representative scattering time, and a ∼ 3.9Å is taken to be 1. Choosing B = 1 corresponds
to a physical B ∼ 2T (higher values of B do not qualitatively change our results), and we obtain
that a mean-scattering time of τ0 = 1 corresponds to a mean scattering rate ~τ0−1 ∼ 10K. For
our numerical calculations in the next section, we will choose τ0 = 0.01 corresponding to a mean
scattering rate of ∼ 0.086eV ∼ 1000K, and B = 30T .
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5.4

Numerical results for Nernst coefficient in BDW state
For numerical evaluation of the transport coefficients we choose values of the various pa-

rameters appropriate in the pseudogap phase. It is important to emphasize that our results (specifically the qualitative temperature and doping dependencies of the transport coefficients such as
the Nernst coefficient) are completely robust against variations of the numerical values and functional forms of the various parameters. The functional dependence of the BDW order parameter
on T, p etc is chosen to qualitatively mimic the experimental trend, and it is by no means meant to
produce quantitatively accurate results for the Nernst and other transport coefficients in the pseudogap phase. We chose the bond density order parameter W = 0.25t1 at zero temperature and
at doping p = 0.125 (12.5% or 1/8 hole doping), which is also set as the upper critical doping
value pup , for the bond order to survive. For any finite value of doping below pup = 0.125, we
assume a mean-field doping dependence of W (p) to be W |(p − plow )/(pup − plow )|1/2 , where
we chose plow = 0.085 as the lower cutoff. For any other doping range, W (p) = 0. The bond
order parameter is also assumed to scale mean field like with temperature below TBDW (p) as
p
W (p, T ) = W (p) |1 − T /TBDW (p)|. From experimental fit, TBDW (p) is chosen to be 142
(p − pl )0.3 , which gives the critical temperature in Kelvins. For T > TBDW (p), W (p, T ) is again
chosen to be zero.
Eq. 5.12 to 5.15 were used to calculate normal state conductivities (αxx , αxy , σxx , σxy ) at
a given temperature T and doping value p. Thus the T dependence of the Seebeck (S = αxx /σxx ),
2 + σ 2 )] is calHall (RH = σxy /σxx σyy ) and Nernst coefficients [ϑ = (αxy σxx − αxx σxy )/(σxx
xy

culated. Figure 5.5 shows the normalized Seebeck and Nernst coefficients (S/T and ν/T ) and the
Hall coefficient (RH ) as a function of temperature for three different doping values. For p = 11%
and p = 12.5%, we observe negative coefficients ascribed to electron like pockets due to BDW
order but the signal remains positive for p = 7% (p < pl ) doping when W = 0. Figure 5.6 shows a
phase-space plot of Seebeck, Hall and Nernst coefficients in the p-T phase space, where the region
of enhanced negative response can be visualized to be in the pseudogap regime of low temperature
and low doping.
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Figure 5.5: (Color online) Plot of transport coefficients vs. temperature for three different doping
values showing an enhanced negative signal in the underdoped regime. Top panel: Seebeck coefficient S/T in the units of µV /K 2 , Middle panel: Hall coefficient RH , and Bottom panel: Nernst
coefficient ν/T in the units of nV /K 2 T . The negative signals for doping values of p = 11% and
p = 12.5% are ascribed to the emergence of electron pockets due to Fermi surface reconstruction
by the BDW state. The Seebeck and Hall signal is positive for a doping of p = 7% when W = 0,
while the Nernst coefficient shows a small positive signal close to zero (when compared to the large
negative signal for the other two doping values). TBDW is 48K and 54K respectively for p = 11%
and p = 12.5%. For these plots, we have chosen W = 0.25t1 , τ0 = 0.01 (corresponding to a mean
scattering rate of ∼ 0.086eV ∼ 1000K), and B = 30T , which is roughly of the order of the field
applied in experiments to eliminate superconducting fluctuations.

83

Figure 5.6: (color online) Phase plot of transport coefficients in arbitrary units in the p − T space
showing an enhanced negative signal in the underdoped regime and low temperatures (a) Seebeck
coefficient S/T (b) Hall coefficient RH , and (c) Nernst coefficient ν/T . The dark blue area indicates the region of maximum negative response. For these plots (in arbitrary units) we have chosen
W = 0.22t1 , τ0 = 1, and B = 1.
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It has been known that superconducting fluctuations, if present, can also give rise to a
non-zero Nernst response even in the absence of long-ranged superconducting order [144]. Such
a Nernst response, however, is positive by definition [12], and is typically much larger than the
quasiparticle Nernst response present in the absence of superconducting fluctuations seen in earlier
experiments on the cuprates [144]. The positive Nernst coefficient (ν) found in the cuprates in the
putative superconducting fluctuation regime in the pseudogap phase is around ∼ 500 nV /KT .
This magnitude is also much larger than the Nernst coefficient in typical metals (which can be both
positive and negative), due to Sondheimer cancellation. However, in the cuprates, according to the
more recent experimental works [156] (which our present work addresses), the Nernst coefficient in
the pseudogap phase is of magnitude∼ −5 nV /K 2 T , which is still smaller than the Nernst response
obtained from superconducting fluctuations, but most interestingly is of the negative sign. This
negative sign of the Nernst coefficient cannot be produced by superconducting fluctuations. Also at
low temperatures, the Nernst coefficient has been found to be independent of the applied magnetic
field (which is at least of the order of 20 − 30T ), thus ruling out superconducting fluctuations
responsible for the Nernst coefficient. Our numerical results (see Figure 5.5) roughly estimate the
magnitude of the Nernst coefficient to be ∼ −15 nV /K 2 T for p = 12.5% doping.

5.5

Conclusions
In this chapter, we studied the normal state of high-Tc cuprates i.e, in the absence of su-

perconductivity when a large magnetic field is applied. Starting with a mean field Hamiltonian for
bi-directional BDW order with wave-vectors Q1 = (2π/3, 0) and Q2 = (0, 2π/3), we observed
reconstruction of the Fermi surface from being large hole-like at higher doping (when there is no
BDW order) to the appearance of small electron-like and hole-like pockets in the doping regime
appropriate for the BDW state, which results from the breaking of lattice translational symmetry.
The normal state Nernst effect is important to understand the Fermi surface topology of cuprates
in the underdoped regime. The enhancement and the negative sign of the low temperature Nernst
signal experimentally observed in the pseudogap phase of cuprates was the main focus of this chap-
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ter. The Nernst response typically vanishes for conventional metals due to Sondheimer cancellation,
but this cancellation breaks down in the presence of a magnetic field at low temperatures due to the
presence of a BDW order parameter. We numerically calculated all three thermoelectric transport
coefficients, namely the Hall, Seebeck and Nernst coefficients, in the semi-classical Boltzmann approximation. At the temperature scale T < TBDW , we observed a negative Nernst coefficient in the
underdoped regime. This low-temperature negative Nernst response is reminiscent of a similar response of the other two transport coefficients, namely the Hall and Seebeck coefficients. Though the
negative sign of the Hall and Seebeck coefficients can be ascribed to the appearance of electron-like
pockets that appear on the Fermi surface, the sign of the Nernst coefficient is not directly determined
by the sign of the dominant charge carriers, and it depends on the detailed Fermi surface topology.
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Chapter 6

Polar Kerr response in a topological
chiral d-density wave state.
Abstract
In this chapter a mechanism is proposed for the tantalizing evidence of polar Kerr effect in
a class of high temperature superconductors–the signs of the Kerr angle from two opposite faces of
the same sample are identical and magnetic field training is non-existent. The mechanism does not
break global time reversal symmetry, as in an antiferromagnet, and results in zero Faraday effect.
It is best understood in a phenomenological model of bilayer cuprates, such as YBa2 Cu3 O6+δ ,
in which intra-bilayer tunneling nucleates a chiral d-density wave such that the individual layers
have opposite chirality. Although specific to the chiral d-density wave, the mechanism may be more
general to any quasi-two-dimensional orbital antiferromagnet in which time reversal symmetry is
broken in each plane, but not when averaged macroscopically. A part of this chapter was published
in Physical Review B 93, 075156 (2016).
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6.1

Introduction.
In this previous chapter, we discussed the normal-state Nernst effect in the context of

high-temperature cuprate superconductors. We modeled the underdoped pseudogap phase as a
bi-directional BDW state, which very well explains the experimentally observed Fermi surface
reconstruction and the large negative Nernst signal. Though the Nernst response discussed was
non-topological, in this chapter we will understand how another related response phenomenon
(the polar Kerr effect), in the same system can have topological origins. Recently a nonzero polar Kerr effect (PKE) has been observed in the pseudogap phase in a number of recent experiments [182, 183, 184, 185, 186], but with unusual characteristics. The polar Kerr effect measures
the angle of rotation of linearly polarized light reflected from a medium at normal incidence and
typically signals time reversal symmetry (TRS) breaking in the reflecting medium [187]. In a ferromagnetic material, the signs of the polar Kerr angle from two opposite surfaces of the same sample
are expected to be different. This is because the net magnetic moment points in the same direction
throughout the sample and hence if it points away from the sample on the top surface, it points into
the sample on the bottom surface, see Fig. 6.1. Moreover, It should be possible to choose (or ‘train’)
the direction of the net magnetic moment, and, in turn, the sign of the polar Kerr angle, by cooling
the sample in the presence of a magnetic field.
In contrast, in high-Tc superconductors it has been observed that the signs of PKE from the
two opposite surfaces of the same sample are identical, and, moreover, the signal cannot be trained
by magnetic field. To account for these puzzling experimental observations, time-reversal invariant
models with gyrotropic order were employed recently [97, 96, 188, 189]. However, the concept of
gyrotropic order as an explanation for non-zero PKE in the cuprates were subsequently retracted
[190, 191, 100] because it does not satisfy Onsager’s reciprocity principle in normal reflection that
forbids a non-zero PKE in the absence of TRS breaking [192, 193, 194, 195].
Here we show that the observations in high-Tc can be understood in the framework of a
chiral d-density wave state [196] in the presence of interlayer tunneling, which is invariant under
TRS in the bulk, but can still have a non zero PKE because it is a property of the light reflected from
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Figure 6.1: Left panel: Ferromagnetic (FM) ordering where magnetic moments point in the same
direction at each plane, thus resulting in the opposite signs of the Kerr angle from the top and bottom
surfaces. Right panel: Orbital antiferromagnetic (OAF) ordering, where magnetic moments switch
sign on each plane, so the Kerr angle has the same sign from both surfaces. In contrast to FM,
magnetic moments in OAF point out of the sample at the top and the bottom surfaces, provided the
sample is cleaved between the bilayers.
the top surface which breaks TRS locally. Therefore PKE in this mechanism would be insensitive
to the changing skin depth of the incoming light at the top surface, while PKE from a bulk order parameter based description would yield a stronger effect for a longer skin depth. The chiral d-density
wave state is defined by adding a small dxy component to the dominant idx2 −y2 , i.e. with the combined order parameter dxy + idx2 −y2 . The net order parameter breaks TRS at each CuO plane and
results in a non-zero Hall conductivity σxy [196]. The addition of a possible dxy component could
be a result of microscopic electronic interactions [197], or a structural transition that breaks the
symmetry between the neighboring plaquettes. In the idx2 −y2 state, by itself, spontaneous currents
alternatingly circulate around plaquettes of the two-dimensional square lattice, thus preserving the
macroscopic TRS, but not any associated chirality.
We establish that, for our present model, the angle of rotation due to one layer is canceled
by its neighbor, resulting in zero Faraday rotation of the polarization plane of the transmitted light.
However, since PKE is primarily a surface phenomenon, where the light reflected from the top (or
bottom) surface at normal incidence changes its plane of polarization, there can be a non-zero PKE.
Furthermore, since bilayer cuprates usually cleave through the reservoir layers separating the CuO
bilayers, the magnetizations at the top and bottom surfaces should point opposite to each other (see
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Fig. 6.1), giving rise to the same sign of the Kerr angle. Finally, since the system as a whole is
an OAF, coupling to a small external magnetic field should be small, resulting, most likely, in a
small or non-existent magnetic field ‘training’ effect. Importantly, to the best of our knowledge, the
scenario presented here is the only one consistent with all the puzzling phenomenology seen in the
recent PKE experiments in cuprates.
It has been argued that much of the phenomenology of the cuprates in the underdoped
regime can be unified [149, 197, 198, 199, 200] by making a single assumption that the ordered
idx2 −y2 -density wave (DDW) state is responsible for the pseudogap. Moreover, an extensive HartreeFock calculation for idx2 −y2 state has recently been carried out [201]. So far, evidence of magnetism
arising from d-density wave in neutron or NMR measurements has been controversial. However,
the success of the present phenomenological model in explaining PKE must speak in favor of the
suggested order parameter.
This chapter is divided as follows: in Section 6.2, we introduce the chiral d-density wave
state order parameter, and calculate the anomalous Hall conductivity of a single layer. In Section
6.3, we discuss the problem of light propagation through a single cuprate layer, and then calculate
the Kerr and Faraday responses through the bilayer system in Section 6.4. We conclude in Section
6.5.

6.2

Chiral DDW with interlayer tunneling.
Consider a combination of the density waves, dxy + idx2 −y2 , such that the net order param-

eter is
hc†k+Q,α c†k,β i ∝ [iWk − ∆k ]δαβ ,

(6.1)

where c†k,σ is the electron creation operator of momentum k and spin σ, and Q = (π, π) is the
density wave vector. Wk and ∆k correspond to idx2 −y2 and dxy respectively, defined as Wk =
W0
2 (cos kx

− cos ky ), ∆k = ∆0 sin kx sin ky . We consider a bilayer system where the idx2 −y2

component of the order parameter, i.e., Wk may or may not switch sign between the two layers.
†1
†2 †2
The four component mean field Hamiltonian for the system in the basis ψk† = (c†1
k , ck+Q , ck , ck+Q )
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Figure 6.2: (Color online) Left: Band dispersion as a function of k = (kx , π) for the two states in
a bilayer: d + id/d + id (blue) and d + id/d − id (red). We utilized t0 = 0.33t, W0 = .33t, ∆0 =
0.01W0 /2, and t⊥ = 0.5t all energies measured in the unit of t. Right: The ground state energy
versus hole doping (from 0.08 to 0.18) indicating that the d + id/d − id state (in red) has lower
energy in a bilayer for any given value of hole doping.
takes the following form
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(6.2)

where k is the energy dispersion for a two-dimensional square lattice.
k = −2t(cos kx + cos ky ) + 4t0 cos kx cos ky ,

(6.3)

where t and t0 are the nearest and next-nearest hopping integrals in the tight-binding Hamiltonian,
g1k = iWk − ∆k and t⊥k = t⊥ (cos kx − cos ky )2 /4 describes the tunneling between the two layers
[198] appropriate for tetragonal systems. The superscript (1,2) on the electron operator in ψk† is the
∗ =g
layer index. Note that g1k = g2k represents a d + id/d + id bilayer configuration and g1k
2k is a
∗ =g
d+id/d−id configuration. We find that when g1k
2k the system is energetically more favorable
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than the case when g1k = g2k . This is observed by diagonalizing the Hamiltonian and obtaining
the ground state energy for a given doping concentration, as displayed in Fig. 6.2. The d + id state
spontaneously breaks time-reversal symmetry (T ) as well as the in-plane reflection symmetry about
the principal axes and exhibits anomalous Hall effect with a non-zero value of the Hall conductivity
σxy , thus making the system topological. However, the value of σxy reverses sign for the d−id state.
Thus the ground state of the bilayer breaks TRS in each plane, but since the inversion symmetry
(P ) about the mid point between the planes is also broken, the product P T is conserved, allowing
the system to have a nonzero polar Kerr effect despite conserving the global TRS and being an OAF
[202, 203]. The magnetoelectric effect and PKE in another antiferromagnet Cr2 O3 were predicted
theoretically in [204, 205], and subsequently observed in experiments [206, 207, 208, 209, 210].
The Hall conductance of a single layer described by a d + id mean field Hamiltonian can
be calculated using the formalism of linear response theory and Kubo formula [196]. The twocomponent mean field Hamiltonian describing a d + id density-wave state in the ψk† = (c†k , c†k+Q )
basis is given by:




gk 
 k
Hs (k) = 
.
gk∗ k+Q

(6.4)

At a finite frequency ω and in the limit q → 0, the anomalous Hall conductivity at any finite
temperature is given by [196]:
2e2
σxy (ω) =
~

Z

dk 2 B(k)f (E+ (k)) − f (E− (k))
,
(2π)2 w(k)[z − 2w(k)][z + 2w(k)]

(6.5)

where B(k) = 4t∆0 W0 (sin2 ky + cos2 ky sin2 kx ) is the Berry curvature, w(k) is the modulus
of a three component vector w(k) = [−∆k , −Wk , (k − k+Q )/2], f is the Fermi distribution
function, µ is the chemical potential, and z = ω + iδ, with δ a positive infinitesimal. E± (k) =
(k +k+Q )/2±w(k)−µ describe the two energy bands obtained by diagonalizing the Hamiltonian
in Eq. (6.4). The sign of σxy is determined by the sign of the product ∆0 W0 , so the d ± id states
have opposite signs of σxy .

92

6.3

Transmission and reflection of light from a single layer.
We now study propagation of an electromagnetic wave through a layered system with chiral

DDW using standard electrodynamics formalism [202, 203, 211, 212]. First we consider an electromagnetic wave incident normally on a single two-dimensional layer of a material in the xy plane.
The electric field components of the wave in a medium are given by


Ē = eikz 

t
E+
t
E−






−ikz 
+e


r
E+
r
E−


(6.6)




t and E t are the transmitted components of right and left circularly polarized (CP) light respecE+
−
r and E r are the reflected components, and k is the wavevector. The corretively and similarly E+
−

sponding magnetic field components can be found using Maxwell’s equation, k̄ × Ē = ω H̄. The
components of the electromagnetic field satisfy standard electrodynamic boundary conditions at the
material layer, which we assume is located at z = h: Ē>h = Ē<h , (H>h − H<h )y = −4π(σ̄ Ē)x ,
(H>h − H<h )x = 4π(σ̄ Ē)y . Note that σ̄ is a tensor, but Ē is a two component vector. We consider
only the Hall components of the surface current and neglect the presence of σxx ; however, we have
confirmed that the presence of a finite σxx due to the chiral DDW Fermi pockets does not change our
results qualitatively. We define the scattering matrix which relates the incoming and the outgoing
electric field components, O = SI, where the outgoing wave O and the incoming wave I are given
by,


r
E+,<h



 Er
 −,<h
O=
 t
 E+,>h

t
E−,>h





t
E+,<h






 Et
 −,<h

 and I = 
 r

 E+,>h



r
E−,>h
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,




(6.7)

and the scattering matrix S is,


R++ R+−

0
T++



0
T+−



0
0

R
T

  R−+ R−− T−+ T−−
S=
=

0
0
T R0
R+−
 T++ T+− R++

0
0
T−+ T−− R−+
R−−


0












(6.8)

This scattering matrix S describes reflection and transmission of electric field components from the
top surface of the slab. We have also defined in Eq. (6.8) two-component matrices R, T 0 , T and R0 ,
whose components are given by the corresponding block entries. Matching the boundary conditions
at z = h, we find that [211, 212]

R++ =
R−− =
T++ =
T−− =

eik> h 1 − n2 − (4πσxy )2 + i8πσxy



(1 + n)2 + (4πσxy )2
eik> h 1 − n2 − (4πσxy )2 − i8πσxy



(1 + n)2 + (4πσxy )2


ei(k> −k< )h 2 1 + n2 + i8πσxy
(1 + n)2 + (4πσxy )2


ei(k> −k< )h 2 1 + n2 − i8πσxy
(1 + n)2 + (4πσxy )2

,

0 , R0 , T 0 ,and T 0
where n is the refractive index of the medium. R++
−− can be obtained in
++
−−

a similar fashion. The other components of S which couple right and left CP components i.e.
0
R+− , T−+
and so on, all vanish. We note that when σxy 6= 0, R++ 6= R−− and T++ 6= T−− which

is a signature of broken time-reversal symmetry.

6.4

Polar Kerr and Faraday effects in bilayer chiral DDW.
To discuss scattering from the bilayer, we consider two such interfaces at z = +h and z =

−h as depicted in Fig. 6.3. Since even in the presence of the interlayer coupling t⊥ (k) the system
breaks P and T while P T is conserved, allowing a non-zero PKE [202, 203], in the following we
will ignore t⊥ (k) for simplicity, expecting it to modify our results only quantitatively. The Hall
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Figure 6.3: (Color online) Schematic diagram showing multiple reflections and transmissions
through the top and bottom layers, which we use to calculate the Kerr and Faraday angles. Note that
we have assumed normal incidence for the incoming light in our calculations.
conductivity σxy reverses it sign at the bottom layer at z = −h. One can then appropriately define
the scattering matrix elements for the bottom layer taking into account the opposite sign of the
Hall conductivity and the position of the bottom plane to be −h instead of h. We denote the twocomponent matrices defined in Eq. (6.8) for the top layer by the subscript T and by subscript B for
the bottom layer. Thus reflection and transmission through the bilayer as whole are described by
tensors R and T given by,
R = RT + T 0 T RB (1 − R0 T RB )−1 TT
T = TB (1 − R0 T RB )−1 TT

(6.9)

We now switch basis from CP light to linearly polarized (LP) light for convenience of the following
discussion. Denoting the electric field of the light incident on the sample by ĒI , ĒR = RĒi and
ĒT = TĒi give the reflected and the transmitted electric fields. When linearly polarized light is
incident on the sample, the Kerr and Faraday angles are determined by the difference between right
and left CP light:
1
θF = (arg[ET+ ] − arg[ET− ])
2
1
+
−
θK = (arg[ER
] − arg[ER
]),
2
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(6.10)

y
±
x
x , E y ]. For the bilayer system discussed above,
where ER,T
= ER,T
± iER,T
, for ĒR,T = [ER,T
R,T

the R has non-zero off diagonal elements (in LP basis) and T is diagonal, which is a clear signature
of a non-zero Kerr response and the absence of the Faraday effect. (We do not state the analytic
expressions for these matrices here, as they are too cumbersome.)
We now make a rough estimate for the polar Kerr angle for a bilayer system using Eqs. (6.9)
and (6.10). Measuring all the energies in units of t we use t0 = 0.3, µ = −.9, n ≈ 1.69 [213],
the interlayer distance 2h = 3.2 Å, the strength of the idx2 −y2 component of the order parameter
W0 (p) = 0.1(1 − p/pc ), where p is the hole doping concentration and pc = 0.17, ∆0 = 0.01W0 /2
and the frequency of measurement ω = 1500 nm. In Fig. 6.4, we have plotted the polar Kerr angle
θK as a function of hole doping and we obtain a non-zero Kerr angle of the order of 100 nrad. The
estimated Faraday angle from our formalism turns out to be zero, again from Eqs. (6.9) and (6.10).
Since the chiral DDW with interlayer tunneling is an OAF, the angle of rotation of the plane of
polarization of light due to one layer is cancelled by its neighbor, resulting in zero Faraday rotation
of the transmitted light. However, since PKE is primarily a surface phenomenon, where the light
reflected from the top surface changes its plane of polarization, there is a non-zero PKE. Further,
since the magnetizations at the top and bottom surfaces should point opposite to each other (see
Fig. 6.1), the two surfaces give rise to the same sign of the Kerr angle. Finally, since the system as
a whole is an OAF, coupling to a small external magnetic field should be small, leading to small or
non-existent ‘training’ effect. It is important to note that all of these conclusions are consistent with
the phenomenology of the recent PKE measurements in the cuprates.

6.5

Conclusions.
To conclude we considered the topological chiral DDW state in a bilayer where the sign of

the idx2 −y2 component of the order parameter changes between the layers which is an energetically
more favorable configuration. This also leads to the reversal of sign of σxy in the bottom layer, thus
breaking inversion symmetry. The calculations presented here are consistent with the unusual PKE
observed in high-Tc materials. Our calculations, although applied here specifically to the chiral
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Figure 6.4: Estimated Kerr angle in nrad as function of hole doping p. The strength of the idx2 −y2
is assumed to vary with doping as W (p) = 0.1(1 − p/pc ) eV, where pc is chosen to be 0.17.
The amplitude ∆0 of the dxy component is assumed to be 1% of W0 . While a non-zero PKE is a
robust consequence of our model the precise values of W0 , ∆0 , θK in this figure are for illustrative
purposes only.
DDW state, are more generally valid for any OAF with TRS broken at each plane. In Ref. [214]
similar ideas were applied to a tilted loop current model. In addition, the ideas presented here
also apply to the bi-axial density wave recently seen in the pseudogap phase [160, 161] if they
are accompanied by spontaneous currents [215, 216, 217, 218]. However, the theories [215, 216,
217, 218] are currently formulated for a single layer, and it remains to be seen whether they can be
generalized to a multilayer model with alternating sign of σxy similar to the present work.
Another important class of high-Tc materials is single layer compounds, such as Bi-2201
(Bi2+x Sr2−x CuO8+δ ) and Hg-1201 (HgBa2 CuO4+δ ). Although the detailed results are not yet
published, it is known that such materials also show similar PKE, as discussed here [219]. At the
level of order parameter symmetry, there is no difference, in the sense that one can easily envision
CuO-layers alternating between d + id and d − id. In addition, recent X-ray measurements indicate
that the unit cell in the c-direction is doubled, bringing it closer to the bilayer problem. Until PKE
measurements in single layer materials are published in detail, it is probably prudent to refrain from
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further speculations.
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Chapter 7

Tunneling conductance for Majorana
fermions in topological superconductors
using superconducting leads
Abstract
Like Dirac and Weyl fermions, even Majorana fermions (MFs) can arise in certain topological condensed matter systems. The detection of MFs via its 2e2 /h quantized tunneling conductance
remains an open problem. It has been recently pointed out that the use of a superconducting (SC)
lead instead of a normal metal lead can suppress the thermal broadening effects in tunneling conductance from MFs. In this chapter we discuss the specific case of tunneling conductance with SC
leads of spin-orbit coupled semiconductor-superconductor (SM-SC) heterostructures. We conclude
that in a finite wire the Majorana splitting energy remains responsible for the dI/dV peak broadening, even when the temperature broadening is suppressed by the SC gap in the lead. In a finite
wire the signatures of Majorana fermions with a SC lead are oscillations of quasi-Majorana peaks
about bias V = ±∆lead , in contrast to the case of metallic leads where such oscillations are about
zero bias. A part of this chapter has been accepted for publication in Physical Review B.
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7.1

Introduction
In the previous chapters our focus was on topological systems possessing a non-trivial Berry

curvature such as the topological Weyl semimetal, the topological Dirac semimetal and the chiral
d-density wave state. We examined non-trivial topological responses of these systems such as the
Nernst effect, optical gyrotropy, and the polar Kerr effect. In this and the subsequent chapter the
focus of our discussion will be topological superconducting systems, which can host Majorana
fermions (in contrast to systems discussed earlier which can host Weyl and Dirac fermions).
In contrast to Majorana fermions (MFs) as understood in high energy physics [220], MFs
in condensed matter are not elementary particles, but rather refer to collective excitations of a complex many-body ground state [13, 221]. However, similar to free MFs as elementary particles, these
quasiparticles are also their own anti-particles, satisfying the relation γ0 = γ0† , where γ0 is the
second-quantized Majorana operator. Strikingly different from ordinary Dirac fermions, MFs in
condensed matter obey non-Abelian exchange statistics [221, 222, 223, 224, 225], and thus can be
braided to perform fault-tolerant topological quantum computation (TQC) [13, 14]. This unconventional feature has provided an added impetus to realize MFs in a laboratory, and has resulted in an
avalanche of theoretical and experimental studies [226, 227, 228, 229, 230, 231, 232, 233, 234, 15,
235, 236, 239, 237, 238, 240, 16].
A key mechanism required for emergence of Majorana excitations in solid-state is chiral
p-wave superconductivity [13, 221] (SC), in a low dimensional (d ≤ 2) system of spinless (or spinpolarized) fermions. Such a mechanism supports Majorana bound states (MBS), occurring exactly
at zero-energy, and localized at the defects of the order parameter in the system. Even though p-wave
pairing of spinless fermions has a rather unphysical Hamiltonian, there have been a host of proposals
to mimic the mean field spinless p-wave superconducting Hamiltonian in realistic systems, such as
on topological insulator-superconductor interface [226], cold atom fermionic gases [227, 228], and
superconductor-semiconductor heterostructures [229, 230, 231, 232, 233, 234]. Subsequent experiments have detected signatures of the existence of these modes in semiconductor-superconductor
heterostructures [15, 235, 236, 239, 237, 238], however there has been no unique confirmation of
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a MBS from these experiments. Very recently MBSs were proposed [240, 16, 75, 241, 242], and
claimed to be experimentally observed [16], in Fe atomic chains embedded on a superconducting
Pb [110] surface.
Kitaev’s spinless 1D p-wave chain can be physically realized in a 1D semiconductor-superconductor
heterostructure nanowire [232, 233, 234], in the presence of spin-orbit coupling (SOC), proximity induced superconductivity, and Zeeman splitting above a critical value Γc . The zero-energy
Majorana modes occurring at the two ends of this 1D topological superconducting nanowire can
be inferred in tunneling experiments using metallic leads, where these zero-energy modes should
give rise to a peak in the differential tunneling conductance (dI/dV ) exactly at zero bias voltage [232, 243, 244]. This zero bias peak (ZBP) has been observed in experiments on semiconductorsuperconductor heterostructure nanowires under appropriate physical conditions [15, 235, 236, 237,
238]. However, the presence of a ZBP alone does not provide an unambiguous signature of MFs, as
even other topologically trivial subgap states may also produce a similar response [245, 246, 247].
A unique ‘smoking-gun’ signature of the Majorana ZBP is its quantized value G = 2e2 /h which
should be observed in an ideal transport experiment from MFs. So far, this distinguishing feature has
not been observed in experiments due to multiple factors (see below) which broaden the lineshape,
and it thus remains an outstanding problem to reproduce the predicted peak height from putative
MBS excitations from topological superconducting nanowires.
The reduction of Majorana ZBP height from its quantized value of 2e2 /h in semiconductorsuperconductor heterostructure nanowire is due to two principle factors: finite temperature effects,
and overlapping Majorana wavefunctions from the two ends. If the physical temperature is larger
than the tunneling strength, the ZBCP is significantly broadened [248]. Very recently, Peng et
al. [249] has proposed to counter this problem with the use of a SC lead in place of a more commonly used metallic one. The SC lead suppresses the effects of thermal broadening because of the
spectral gap (∆lead in the lead itself). With a SC lead, the Majorana peak no longer shows up at zero
bias, but is shifted symmetrically to ±∆lead , with a new peak height of GM = (4−π)2e2 /h, slightly
smaller than the conventional metallic lead ZBP height G = 2e2 /h. However, such quantization
of peak height by a SC lead should be observable only from an infinitely long wire, where each
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Majorana mode can be manipulated individually without interference from any other low energy
bound states, and especially from the other MBS localized at a different end. A more experimentally pertinent situation is, however, that of a finite wire, where the two Majorana wavefunctions
at the two boundary points have localization lengths of the order of the wire length, and thus have
a non-zero overlap. The overlap between the two MBSs moves them away from zero energy, resulting in ‘quasi’ Majorana mode [250]. However, these modes are adiabatically connected with
the zero energy Majorana modes in an infinitely long wire [250]. These effects have been theoretically investigated in the past, but in the context of a ZBP for a normal metal-SC tunneling
junction [251, 252, 254, 255, 253]. The fate of dI/dV spectra in semiconductor-superconductor
heterostructure nanowires with SC lead in experimentally relevant situations and for short wires
remains unexplored, and we address this important issue in this chapter.
In Sec. 7.2, we describe the tight binding formalism of topological superconductivity in
a 1D nanowire and discuss its relevant symmetries. We also introduce the Hamiltonian for the
SC lead, and the tunneling Hamiltonian which couples it to the substrate. In Sec. 7.3, following
Ref. [249], we present the Green’s function formalism, which is used to obtain the dI/dV spectra
for a SC-nanowire junction. We then present our numerical results, varying several physical parameters, such as temperature, tunneling strength, and the wire length. We examine at length the
dI/dV spectra using a superconducting lead for different sets of physical parameters which include
temperature, tunneling strength at the junction, wire length, magnetic field, and induced superconducting pairing potential in the semiconductor nanowire. We conclude that the Majorana splitting
energy ∆E, which has non-trivial dependence on these physical parameters, remains primarily responsible for the dI/dV peak broadening, even when temperature broadening is suppressed by the
use of a superconducting lead. Our results will be useful for the analysis of future experiments on
semiconductor-superconductor heterostructure using superconducting leads. We conclude with a
summary and discussion in Sec. 7.4.
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7.2

Model Hamiltonian
The non-interacting single particle Hamiltonian for a spin-orbit coupled nanowire subjected

to to Zeeman field (hx ) can be written as

H0 = −

∂x2
− µ + hx σx + iα∂x σy ,
2m∗

(7.1)

where m∗, α, and µ are the effective mass, spin-orbit strength, and chemical potential respectively. The proximity induced superconductivity (with mean field strength ∆) can be described by
H∆ = ∆(c†↑ (x)c†↓ (x))+ h.c. The mean field BCS superconducting Hamiltonian will be given by
HBCS = H0 + H∆ . Quasiparticle excitations above this many-body ground state are described
by the Bogoliubov-de Gennes equation HBdG Ψ = EΨ, where HBdG is the Bogoliubov-de Gennes
Hamiltonian constructed as


HBdG = 


H0

∆(x)

∆∗ (x)

−σy H0∗ σy


,

(7.2)

written in the Nambu basis Ψ = [u↑ (x), u↓ (x), v↓ (x), −v↑ (x)]T . Non-trivial Majorana modes,
which are zero-energy excitations of the superconducting many-body ground state, are given by the
condition HBdG Ψ = 0, which emerge in the topological superconducting phase of the Hamiltonian,
p
satisfying the relation hx > µ2 + ∆2 . We will now study the electronic tight-binding description
of this Hamiltonian, and examine its relevant symmetries. We will then introduce the SC lead
Hamiltonian Hlead which couples to the substrate Hamiltonian at the chain end x = 0, via the
tunneling Hamiltonian HT (τ ).
The tight binding Hamiltonian for a one-dimensional spin-orbit coupled nanowire, with
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proximity induced superconductivity, and a magnetic field can be written as

H=

N
X

[−µ(c†i↑ ci↑ + c†i↓ ci↓ ) + ∆(c†i↑ c†i↓ − c†i↓ c†i↑ )

i=1

+ hx (c†i↑ ci↓ + c†i↓ ci↑ ) − t(c†i↑ ci+1↑ + c†i↓ ci+1↓ )
+ α(c†i↑ ci+1↓ − c†i↓ ci+1↑ )] + h.c,

(7.3)

where the sum i is over all the lattice sites with open boundary conditions at i = 1, and i = N ,
where N is the number of lattice sites. In Eq. 7.3, µ represents the chemical potential, ∆ is the
proximity induced s−wave superconducting pairing potential, hx is the magnetic field applied in
the x direction, which is also assumed to be the direction of the wire, t is the hopping integral for the
nearest neighbor site on the nanowire, and α is the spin-orbit coupling strength. The operator ci,s
(c†i,s ) annihilate (create) an electron on the lattice site i with spin s =↑ or ↓. When the magnetic field
hx exceeds a critical value hc , the Hamiltonian in Eq. 7.3 describes the topological superconducting phase of the SOC coupled nanowire, supporting zero-energy topologically protected Majorana
modes at the boundary points. One can define the electron annihilation operator in the momentum
P
space as cj,s = √1N k eijk ck,s , where k ≡ kx , j represents the site position, and c†k,s creates an
electron with momentum k and spin s. Combining this with Eq. 7.3, the Hamiltonian H written in
terms of the Fourier transformed operators ck,s and c†k,s becomes
H=

X
[(−t cos k(c†k↑ ck↑ + c†k↓ ck↓ ) + 2∆c†k↑ c†−k↓
k

− µ(c†k↑ ck↑ + c†k↓ ck↓ ) + hx (c†k↑ ck↓ + c†k↓ ck↑ )
− 2iα sin kc†k↓ ck↑ ] + h.c.

(7.4)

The corresponding momentum space Bogoliubov-de Gennes (BdG) Hamiltonian HBDG , written in
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the Nambu basis Ψk = (ck↑ , ck↓ , c†−k↓ , −c†−k↑ )T is the following
HBDG = 2

X

Ψ†k Hk Ψk , where

k

Hk = −(t cos k + µ)σ0 τz + hx σx τ0
− α sin kσy τz +

∆
σ0 τx ,
2

(7.5)

assuming the order parameter ∆ to be real. The two dimensional Pauli matrices σ0 and τ0 act in
spin and particle-hole space respectively.
The BdG Hamiltonian HBDG in Eq. 7.5 is symmetric under particle-hole (PH) transformation, and satisfies the following reality condition in momentum space: ΞHk Ξ−1 = −H−k , where
Ξ = σy τy K is the anti-unitary PH operator in our chosen Nambu basis (K denoting complex conjugation). The Hamiltonian HBDG also admits a chiral symmetry S [256]. The operator S can be
obtained by first identifying another operator O = K with O2 = +1, which acts on the Hamiltonian like a pseudo time-reversal operator satisfying OHk O−1 = H−k . The chiral operator S
is then just a product of PH and pseudo TR operator: S = O · Ξ. The operator S = σy τy anticommutes with HBDG i.e. {HBDG , S} = 0, and thus the Hamiltonian HBdG belongs to chiral class
BDI characterized by an integer Z invariant.
The BCS Hamiltonian for the SC lead, in momentum space, can be written as

Hlead =

X

ζk c†L,k,σ cL,k,σ + (∆lead cL,k,↑ cL,−k,↓ + h.c),

(7.6)

k,σ

where ∆lead is the SC gap, and the operator cL,k,σ annihilates an electron with spin σ on the lead,
and ζk = k 2 /2m − µlead . The tunneling strength between the lead (Eq. 7.6) and the substrate
(Eq. 7.3) is represented by the hopping integral t0 , and the tunneling Hamiltonian is given by

HT (τ ) =

X

t0 eiφ(τ )/2 c†L,σ (0, τ )cσ (0, τ ) + h.c,

(7.7)

σ

where τ is the time argument. The real space operator c†L,σ (x, τ ) is the Fourier transform of the
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operator c†L,k,σ in Eq. 7.6. The substrate and the lead are in contact at x = 0, which is the argument
of the electron operator on the lead c†L,σ (0, τ ) and on the substrate cσ (0, τ ). The phase difference
between the lead and the sample is given by φ(τ ).
In our numerical analysis, we will focus only on the weak tunneling regime, which is
p
given by the condition ωt  ∆lead [249], where ωt = (πt02 ν0 |ζ(0)|2 ∆lead /2)2/3 . The quantity |ζ(0)|2 = |u↑ |2 + |u↓ |2 for the Majorana Nambu spinor [u↑ , u∗↓ , u↓ , −u∗↑ ]T at x = 0, and
ν0 is the normal density of states at the Fermi energy in the SC lead. From our numerical estimate of the Majorana wavefunctions, we find that |ζ(0)|2 ∼ 0.001, and thus choosing ν0 = 1,
∆lead ∼ ∆ ∼ 500µeV , suggests that choosing t0 ∼ 20µeV satisfies the weak tunneling condition.
For our numerical analysis in the next section, we will choose our parameter values such that the
tunneling between the SC lead and the substrate is weak. Further, for all our numerical results in
this paper, we use the values of physical parameters roughly consistent with the properties of InSb
nanowires [15]. We chose the effective mass m∗ = 0.015me , Rashba SOC strength α = 0.2meV ,
hopping integral t = ~2 /2m∗ a2 , lattice spacing a = 15nm, and µ = −2t, fixed throughout. We
will vary the SC gap ∆ and the applied magnetic field hx , both in the range 0.5meV − 1meV .

7.3

Differential Tunneling conductance with Superconducting lead
In the context of semiconductor-superconductor heterostructures in condensed matter, the

Majorana Fermion manifests as a sub-gap zero-energy mode. A simple method to verify the existence of this exotic mode is through the detection of a zero-bias peak in the tunneling conductance
measurement between a metallic lead and the topological superconductor [243, 244]. More importantly, the ZBP is characterized by its quantized peak height G = 2e2 /h [243, 244]. Even though
signatures of Majoranas in terms of zero-bias peaks have been observed in a series of recent experiments [15, 236, 237, 235, 238, 16], the observation of the predicted quantized theoretical value
remains a pressing issue. This has been primarily attributed to the effects of peak broadening at
finite temperature and overlap due to shorter wire lengths. Therefore, uniquely distinguishing these
peaks from other possible non-topological zero-energy states sub-gap states [245, 246, 247] is chal-
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lenging. In this section we will study the dI/dV characteristics of a superconductor-semiconductor
heterostructure nanowire, using a SC lead as a conductance probe.
Using the method of superconducting lead as a conductance probe, the tunneling current I
using superconducting lead (with gap ∆lead ) is given by [249]
I(V ) = 4eπ 2 t0

4

Z

dω
†
[Tr(geh (r, ω)geh
(r, ω))ρ(ω− )ρ(ω+ )
h
(nF (ω− ) − nF (ω+ ))],

(7.8)

where t0 denotes the tunneling strength between the sample and the superconducting lead, ω± =
ω ± eV , nF (ω) represents the Fermi-Dirac distribution function (eω/T + 1)−1 , ρ(ω) is the density
q
of states in the superconducting lead: ρ(ω) = ν0 θ(|ω| − ∆)|ω|/ ω 2 − ∆2lead , and geh (r, ω) is
the retarded Green’s function in the electron-hole subspace. Now the Majorana Fermion peaks
no longer appear at zero bias, but are shifted by the superconducting gap ∆lead to V = ±∆lead .
Secondly the peak is asymmetric around V /∆lead = ±1, and sharply rises at the threshold ∆lead
(see Figure 7.1). The theoretical peak height in this case is: GM = max(dI/dV ) = (4−π)2e2 /h ≈
1.72e2 /h [249], slightly smaller than the quantum of electrical conductance G = 2e2 /h.
Once the real space Hamiltonian of the substrate is defined (see Eq. 7.3), it is then possible
to obtain the Green’s function for the system as:
G0 (ω) = [(ω + i)I − H]−1 =

X |φm ihφm |
,
ω − Em + i
m

(7.9)

where Em is an energy eigenvalue of Hamiltonian, with corresponding eigenstate |φm i, and  is
positive infinitesimal. G0 (ω) in Eq. 7.9 contains all the degress of freedom, namely spatial, spin,
and particle-hole, making it a 4N dimensional object for N lattice sites. The local Green’s function
at a coordinate r is given by: gr0 (ω) = G(r, ω), which is a four component matrix in the Nambu
space, for a specific position r in the one-dimensional chain. However G0 (ω) (or even gr0 (ω)) is
entirely for the Hamiltonian H in Eq. 7.3, which does not take into account the tunneling between
the SC lead and the nanowire substrate.
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The BCS Hamiltonian for the SC lead was introduced in Eq. 7.6 of the previous section.
The tunneling strength between the lead (Eq. 7.6) and the substrate (Eq. 7.3) is represented by the
hopping integral t0 , and given by the tunneling Hamiltonian in Eq. 7.7. Neglecting the Andreev
reflection in the lead near eV ∼ ∆lead , the coupling between the lead and the substrate can be
captured by the following self-energy term Σ [249]
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(7.10)

The Green’s function gr at a specific position r, supplemented by the self-energy term, can be thus
obtained as: gr = ((gr0 )−1 − Σ−1 )−1 . Choosing r = 0 or r = L and substituting the e-h block of gr
in Eq. 7.8 (i.e. geh (r, ω)) gives the tunneling current I(V ) contribution which is localized at r = 0
and r = L. In the regime of weak tunneling, dI/dV has an approximate analytic form for the peak
lineshape which can be written as [249]
2e
dI
= (4 − π) Λ
dV
h



eV − ∆lead
ωt


,

(7.11)

with a maximum peak height of (4 − π)2e2 /h. The functions Λ(z) and ωt are such that when
eV ≥ ∆lead , Λ(z) = 1, and when eV < ∆lead , Λ(z) = 0 [249], therefore dI/dV sharply rises
at eV = ∆lead . In our numerical study done on a lattice, instead of using the approximate analytic
form given in Eq. 7.11, we directly calculate gr (ω) from Eq. 7.3 and Eq. 7.6, and use Eq. 7.8
to calculate dI/dV for semiconductor-superconductor heterostructure nanowire as a function of
various physical parameters like T , ∆, µ, hx , and L.
We now present numerical results for tunneling conductance for different sets of physical
parameters. Figure 7.1 shows the plot of dI/dV as a function of V /∆lead at various temperatures.
Note that in this case, in order to examine the temperature dependence solely, we work in the
parameter regime where the wave-function overlap (and consequently the splitting energy ∆E) is
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small. As expected, there is a peak at V = ∆lead (see Figure 7.1), and another symmetrically placed
one at V = −∆lead (not shown in the figure). As seen from Figure 7.1, at T ∼ 0, when the Fermi
function nF (ω) reduces to θ(µ − ω), the peak height is quantized to its maximum theoretical value
GM . The maximum peak height decreases as T is increased. However when compared to the use
of normal metallic leads, these thermal effects are suppressed with the use of superconducting leads
∼ exp(−∆lead /T ), at least in the limit t0 < T . We note from Figure 7.1 (right panel) that the
conductance peak reduces to about 0.4GM when T is as high as 1meV . The effect of temperature
broadening on the Majorana peak is therefore suppressed by the use of the SC lead in the limit when
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T=0.50
T=1.00

1.5
1
0.5
0
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max dI/dV (e2 /h)
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tunneling between the lead and substrate (t0 ) is much smaller than the temperature (t0 < T ).

1.5
1
0.5
0

V/∆lead

0.5

1

T(meV)

Figure 7.1: (color online) Left panel: Differential conductance dI/dV at various temperatures (in
meV ) as a function V /∆lead , where V is the bias voltage and ∆lead is the superconducting gap of the
lead. Right panel: Maximum peak height (denoted by max dI/dV ) as a function of temperature.
The parameters used are: L = 4.2µm, ∆ = 0.5meV , hx = 0.60meV , ∆lead = ∆, t0 = 25µeV .
Next we will examine the zero temperature dI/dV profile, but in the regime when wavefunction overlap effects are not negligible. In a one dimensional nanowire, the Majorana ‘zeroenergy’ mode occurs exactly at zero energy only in the idealized situation of an infinitely long
wire. Any realistic experiment is however done at a finite non-zero temperature for wires of a finite
length. For a finite wire length the two Majorana wave functions at the ends of the wire are no
longer localized at the two ends but can overlap with each other.
The Majorana wave function (upto an overall normalization factor) in the TS phase of a 1D
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nanowire can be written as [251]
ΨM F (x) ∝ e−x/ζ eikF eff x |ui,

(7.12)

where ζ is the effective coherence length and kF eff is the effective Fermi wave-vector associated
with the localized Majorana modes. Also x can be measured from one of the two ends of the wire
(0 or L) to represent the wavefunction for each mode. In Eq. 7.12, |ui represents the 4-component
Nambu spinor of the wavefunction. ΨM F (x) consists of an exponentially decaying factor e−x/ζ
which effectively binds the Majorana modes at the the boundary points, as long as the length of
the nanowire L  ζ. The Majorana wave-function decays on a length scale of ζ, which is the
effective coherence length, and also consists of an oscillatory part eikF eff x . The factors ζ and kF eff
depend on the microscopic parameters ∆, µ, hx , α of the Hamiltonian H, and their analytic form is
discussed in Ref. [251]. Both of these features can be observed in Figure 7.2 where we have plotted
the Majorana mode wavefunction across the entire length of the chain, obtained by direct numerical
diagonalization of Eq. 7.3. Figure 7.2 shows the spatial extent of the Majorana wavefunctions for
two different parameter sets, contrasting their wavefunction overlap.
As a result of Majorana modes hybridization, the zero energy eigenvalues of the Majorana
modes are shifted to finite non-zero energies[254, 255]. In the limit when L  ζ, the splitting
energy can be approximately written as [251]
∆E ≈ ~2 kF eff

e−2L/ζ
cos(kF eff L),
mζ

(7.13)

where m is the effective electron mass and L is the length of the nanowire. Eq. 7.13 suggests that
∆E oscillates as a function of L and kF eff because of the cosine term. However the amplitude of
these oscillations is exponentially suppressed with the wire length L, due to the overriding factor
e−2L/ζ . Now kF eff = kF eff (hx , ∆, µ, α), therefore ∆E as a function of µ or hx , should, in principle, show this oscillatory behavior. These features have been highlighted in Figure 7.3, which
shows log(∆E) as a function of L, and ∆E as a function of the chemical potential µ. Clearly, for
higher values of chain length L, the energy splitting ∆E falls exponentially, but one also notes that
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log(∆E) is not a monotonic function of µ or L, but rather shows an oscillatory behavior as suggested by Eq. 7.13 . Figure 7.4 shows ∆E as a function of hx showing similar oscillations. Even
though the amplitude of the oscillations in ∆E decrease exponentially with the length of the chain,
for shorter length L (i.e. L ∼ ζ) the amplitude of these oscillations can vary over 2-3 orders of
magnitude as suggested by the plots in the figures. Therefore in order to minimize ∆E for smaller
values of L, a fine-tuning of microscopic parameters like ∆, µ, hx and µ is required.
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Figure 7.2: The Majorana mode wavefunction plotted over the entire chain length for two different
wire lengths L = 1.2µm and L = 2.4µm (left and right panels respectively), and for two different
parameter sets. Top panel: hx = 0.6meV , ∆ = 0.5meV . Bottom panel: hx = 1.03meV ,
∆ = 1meV . A stronger overlap is observed for the plots in top panel as a result of a lesser
proximity induced gap ∆ (which increases the coherence length ζ).
To show the effect of splitting oscillations due to finite length of the wire, we focus on the
weak-tunneling regime (defined in Sec. 7.2) by first choosing t0 ∼ 10µeV . In Figure 7.4 (left panel)
we have plotted the maximum peak height of dI/dV as a function of tunneling strength t0 , for three
different values of magnetic field hx . According to Eq. 7.11, the maximum peak height (GM ) is
attained in the regime of weak tunneling (see Sec. 6.2) and in an infinite wire. However, for a finite
wire length and with weak tunneling, the height of the peak at ±∆lead is reduced from GM due to
overlap of the Majorana wave-functions. Moreover, in the presence of wave function overlap the
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Figure 7.3: Left panel: Logarithm of Majorana modes energy splitting ∆E as a function of the chain
length (L) for two different values of ∆. As the wire length increases ∆E decreases exponentially.
The value of magnetic field chosen for this plot was hx = 0.6meV . Right panel: Energy splitting
∆E (in meV ) as a function of the chemical potential µ for two different values of ∆. In both plots
the oscillatory behavior of ∆E is also seen as predicted by Eq. 7.13. The length of the wire chosen
for this plot was L = 1.2µm.
peak height is further reduced with reduction of t0 .
Figure 7.4 (right panel) shows the energy splitting ∆E between the two Majorana modes
as a function of applied hx , showing an oscillatory dependence of ∆E on hx . When ∆E is at
a local minima, and thus very close to zero, (for example hx is fine-tuned at hx = 0.60meV in
Figure 7.4, corresponding to ∆E ∼ 10−4 ), even a very weak tunneling t0 can give rise to a peak
height comparable to GM , which otherwise is suppressed by almost an order of magnitude for the
same value of t0 (see Figure 7.4 left panel). For a concrete comparison we note from Figure 7.4,
that a variation of hx from 0.58meV to 0.60meV , or from 0.61meV to 0.60meV enhances the
quantized peak height (max dI/dV ) by almost one order of magnitude. Our results suggest that the
reduction in the peak height from GM is a direct consequence of a finite non-zero energy splitting
∆E between the two Majorana modes. Thus for a finite length of the nanowire, the maximum
quantized peak height value can be attained only accidentally even with a SC lead.
A similar dependence of the peak height on the chain length L (through the energy splitting
∆E) is presented in Figure 7.5, where we have plotted, the energy splitting ∆E, and the dI/dV
peak height, as a function of chain length L (for a higher value of t0 = 50µeV in this case).
The energy splitting is an oscillatory function of the chain length, and is enveloped by an overall
exponentially decaying function e−x/ζ . As L is varied from L = 1.60µm to L = 1.50µm, ∆E
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changes from ∆E ∼ 10−4 to ∆E ∼ 10−2 , and the peak height reduces from max(dI/dV ) ∼
1.5e2 /h to max(dI/dV ) ∼ 0.5e2 /h.
An important feature to be noted from Figure 7.5 and Figure 7.4 is the sensitivity of ∆E and
the dI/dV peak height on experimental parameters, when L is small. This automatically implies
a need for fine-tuning the microscopic parameters such as µ, ∆ and so on for smaller values of
the chain length L, in order to observe a quantized dI/dV peak of the order of magnitude of GM .
However such a fine-tuning of various parameters is not possible generically. Thus to observe a
quantized peak height GM for V = ±∆lead with a SC lead, one requires a long enough wire length
L, such that the amplitude of splitting oscillations is exponentially suppressed. In shorter wires,
the quantization of the peak height is possible, but only when ∆E is very small which requires a
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Figure 7.4: (color online) Left panel: Maximum peak height of differential conductance
(max dI/dV ) as a function of tunneling strength t0 in the weak tunneling range t0 ∈
(1µeV, 15µeV ), for three different values of hx . Right panel: Majorana mode energy splitting
as a function of hx showing a local minima at hx = 0.60meV . Exactly at hx = 0.60meV , where
∆E is minimum, the quantized peak height is closer to GM when compared to values away from
the local mimima. We used ∆ = 0.50meV for these plots.
In the limit of weak tunneling t0 , the zero-bias conductance peak of the Majorana zeroenergy mode in normal metal tunneling junction is split into two symmetric peaks around V = 0 as
a consequence of hybridization of the Majorana modes due to finite wire lengths. The splitting gap
is typically of the order of ∆E. Therefore, strictly speaking, at T = 0K, a zero bias peak at exactly
V = 0 should not be ideally observed, and rather two symmetric peaks around V = 0 should appear
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Figure 7.5: Top panel (left): Energy splitting ∆E as a function of chain length L. The energy
splitting is an oscillatory function of the chain length and is modulated by an overall exponentially
decaying function. Top panel (right): Energy splitting ∆E zoomed between chain lengths L =
1.46µm and L = 1.77µm. Bottom panel (left): The maximum quantized peak height in the units
of e2 /~ zoomed in between chain lengths L = 1.46µm and L = 1.77µm. The plots suggest that
there is a correspondence between the energy splitting and peak height explicitly showing that the
reduction in the peak height is a consequence of the energy splitting between the Majorana modes.
The local minima in ∆E corresponds to a local maxima in the peak height. Bottom panel (right):
Voltage corresponding to the maxima of the conductance peak Vm /∆lead as a function of ∆E. The
parameters used for these plot were: hx = 0.6meV , ∆ = 0.5meV , and t0 = 50µeV .
for a short wire. However a small finite temperature broadens the lineshape, and the two split peaks
then appear as a single symmetric peak centered at V = 0. These features have been numerically
studied for a metal-SC tunneling contact [253, 252]. In the present case, where we consider a SC
lead, the conductance peak at V = ±∆lead does not split as a result of non-zero ∆E, unlike in the
case of metallic lead. Instead the threshold voltage Vth , where the dI/dV conductance peak exhibits
a sharp rise from zero to GM , shifts (by approximately∼ ∆E) from V = ±∆lead . We present this
feature in Figure 7.5 where we have plotted Vm /∆lead increasing monotonically as a function of
energy splitting ∆E between the two Majorana modes, where Vm is the voltage at which dI/dV is
maximum. Note that due to lineshape broadening, a sharply rising dI/dV peak will not be observed
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Figure 7.6: (color online) Top panel: dI/dV lineshape for three different values of hx at t0 =
15µeV . Bottom panel (left): Maximum peak height of differential conductance (max dI/dV ) as
a function of tunneling strength t0 in the range t0 ∈ (15µeV, 50µeV ), for three different values of
hx . Bottom panel (right): dI/dV profile for hx = 0.58meV for three different values of t0 (in the
units of µeV ). The value of the SC gap chosen in all these plots was ∆ = 0.5meV (the same as
used in Figure 7.4 and Table I). The plots suggest that even when t0 is not very weak (compared to
t0 Figure 7.4), there is a broadening of the lineshape accompanied by an offset of threshold voltage
from V = ∆lead , when ∆E is significant.
(see Figure 7.6 and the discussion below), and therefore we have plotted Vm /∆lead as the threshold
voltage Vth is not sharply defined. Also, since I(−V ) = −I(V ), the dI/dV response for a negative
bias voltage is symmetric.
Figure 7.6 shows results for the peak height and the lineshape for a larger value of t0 ,
but for the same three different hx values, and for the same set of parameter values as used in
Figure 7.4 and Figure 7.5. Our conclusions on the dependence of the lineshape and the peak height
on ∆E do not change qualitatively. However making the barrier more transparent, i.e. increasing
t0 , also results in a corresponding increase in the overall peak height. Further, we also illustrate in
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Figure 7.7: (color online) Left: Quasiparticle spectrum of the TS phase of the 1D nanowire (in
color), along with the zero energy Majorana bound state (E0 ) (in black) as a function of wire length
L, for hx = 0.6meV . The Majorana mode which occurs at exactly zero energy when L → ∞ is
adiabatically connected to the quasi-Majorana mode in short wires. Right: Quasiparticle spectrum
along with the zero energy Majorana bound state (E0 ) as a function of hx for a wire with length
L = 1.2µm, also displaying a topological phase transition at hx = 0.5meV . The value of SC gap
chosen for these plots was ∆ = 0.5meV .
Figure 7.6 the broadening of the lineshape as a consequence of non-zero energy splitting ∆E in
a finite wire. In this broadened peak, there is no sharply defined threshold voltage Vth , where the
dI/dV conductance quickly rises from zero. Hence, as a result of splitting of the Majorana zero
energy modes, it is not just the peak height which is suppressed, but the overall lineshape is also
modified, and thus no longer resembles its analytic form as shown in Fig 7.1 (which was valid when
∆E → 0). This feature can be contrasted with the effect of finite temperature on the lineshape as
shown in Figure 7.1. In Figure 7.1, with temperature one observed just an overall suppression of
the height of the lineshape, with a sharply rising peak at V = ∆lead , and the asymmetry of the peak
largely intact.
Having discussed important aspects of the dI/dV profile, we now discuss the experimental
implications of our work. In Figure 7.7, we have plotted the quasiparticle spectrum of the TS phase
of Hamiltonian H given in Eq. 7.3. Similarly Figure 7.8 shows Majorana splitting energy ∆E as
a function of both L and hx together in a color-plot, displaying clear periodic oscillations in ∆E
for small L values. We note from Figure 7.7 that for short wires, the zero energy Majorana modes
bifurcate into finite energies, with periodic zero-energy crossings. We can therefore term them as
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Figure 7.8: (color online) Majorana splitting energy ∆E as a function of both L and hx , showing
oscillations for small L values, for a wide range of hx above the topological phase transition at
hx = 0.5meV . The amplitude of oscillations in ∆E is subsequently suppressed for wires with
longer length. The value of SC gap chosen for these plots was ∆ = 0.5meV , and the colorbar on
the right is in the units of meV .
‘quasi-Majorana’ modes, which are remnants of the Majorana physics in idealized situations [250].
PH symmetry always ensures that the overall energy spectrum has a vanishing sum of the energy
eigenvalues, resulting in a symmetric spectrum about E = 0. It is also straightforward to note that
these periodic zero-energy crossings of the quasi-Majorana eigenmodes are related to the splitting
energy ∆E → 0 discussed earlier. Even though a perfect zero energy mode can occur only in the
thermodynamic limit L → ∞, this zero-energy mode is adiabatically connected with the quasiMajorana mode as shown in Figure 7.7. Such an adiabatic connection is not exhibited by any other
trivial zero-energy mode. For example, an accidental zero energy Andreev bound state may occur
in a short wire, but in long wires these states will be characterized by a finite energy gap, while
the energy of the Majorana mode will vanish [250]. This adiabatic connection can therefore have
important experimental implications. Figure 7.9 shows the dI/dV profile for a Majorana mode in a
short wire of length 0.54µm, showing oscillations about V = +∆lead and V = −∆lead as a function
of the applied magnetic field hx . Exactly at V = ±∆lead , the quantization of the Majorana peak
is attained at isolated values of hx . However, for a broad range of hx (though within topological
regime), a tunneling experiment performed on Majorana nanowires using SC leads should be able
to observe similar oscillations about V = ±∆lead , which is directly connected to the adiabaticity of
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Figure 7.9: (color online) Top panel: Majorana dI/dV profile for a short wire of length L =
0.54µm, showing oscillations about V = ±∆lead as a function of magnetic field hx (in meV ).
The colorbar on the right is in the unit of e2 /h, the value of SC gap chosen was ∆ = 0.5meV ,
and t0 = 50µeV . The four square boxes highlight the regions where the quantized peak height
of magnitude GM = (4 − π)e2 /h should be observed. Bottom panel: The energy splitting ∆E
(in meV ) as a function of hx for the same system, showing oscillations about zero energy. In an
experiment done with a normal metallic lead, the oscillations will be about zero bias voltage in a
similar fashion as displayed in this plot.
the ‘quasi’ Majorana mode. This is to be contrasted with the case when normal metallic leads are
used. The splitting energy then results in oscillations of tunneling conductance about the zero-bias
voltage instead of V = ±∆lead . Therefore even with a SC lead, and a low enough temperatures,
for the experimentally relevant finite length wires the quantization of Majorana peak height could
be hard to obtain. In this case the signature of the MFs would be splitting oscillations of the quasiMajorana modes as a function of the magnetic field, but around V = ±∆lead , rather than around
V = 0 as in SC-metallic lead tunneling conductance experiments.

7.4

Conclusions
In this chapter we discussed the dI/dV spectra using a SC lead of a spin-orbit coupled SM-

SC heterostructure nanowire, a system which has been extensively studied both theoretically and
experimentally using a normal metallic lead. We considered different set of physical parameters
including temperature, tunneling strength at the junction, wire length, magnetic field, and induced
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SC pairing potential in the nanowire, and find that in a finite wire the Majorana splitting energy ∆E,
which shows an oscillatory dependence on these parameters remains responsible for the dI/dV peak
broadening, even when the thermal effects are suppressed by SC gap in the lead. Our numerical
results explicitly map the oscillations in ∆E, inversely, to oscillations in the peak height. We find
that this effect is quantitatively significant in short wires (L ∼ ζ), as ∆E ∼ e−ζ/L , and in a
less transparent barrier, where a very small variation in L can result in the reduction of the peak
height by almost an order of magnitude. In longer wires, since the amplitude of these oscillations
falls exponentially, the variation in peak height will be insensitive to variations of the microscopic
parameters, eliminating the need of a fine-tuned system in order to observe the quantized height of
the Majorana peak.
Secondly, with the use of a SC lead in a short wire, we find that, apart from the broadening of
the peak height due to overlapping MF wave functions, the threshold voltages (Vth = ±∆lead ) where
the Majorana dI/dV peaks arise are also shifted by approximately ∆E. This is to be contrasted
with the splitting of ZBP around V = 0 in tunneling conductance experiments using a metallic
lead. The splitting of the ZBP in the present case of a SC lead shifts the threshold voltage Vth →
Vth ± ∆lead ± ∆E .
Finally, we have also illustrated a distinguishing feature in the conductance lineshape between thermal broadening and energy splitting. When T 6= 0, ∆E → 0, thermal effects lead to an
overall suppression of the peak height without significantly altering its lineshape. The dI/dV peak
in this case sharply rises from zero at V = Vth = ±∆lead , and is asymmetric about Vth . When
T → 0, ∆E 6= 0, the lineshape is broadened and appears symmetric about Vm (where Vm > Vth
is the bias voltage at which dI/dV is maximum). Our main conclusion in this chapter is that in
a finite length SM wire the overlap of the wavefunctions of the MFs for the two ends remains responsible for the broadening of the Majorana peaks, even when the thermal effects are suppressed
by a SC lead. In this case the signatures of Majorana fermions with a SC lead are oscillations of
quasi-Majorana peaks about bias V = ±∆lead , in contrast to the case of metallic leads where such
oscillations are about zero bias. Our results will be useful for analysis of future experiments on
SM-SC heterostructures using SC leads.
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Chapter 8

Yu-Shiba-Rusinov states and topological
superconductivity in Ising paired
superconductors
Abstract
An unusual form of superconductivity, called Ising superconductivity, has recently been uncovered in mono- and few-layered transition metal dichalcogenides. This 2D superconducting state
is characterized by the so-called Ising spin-orbit coupling (SOC), which produces strong oppositely
oriented effective Zeeman fields perpendicular to the 2D layer in opposite momentum space valleys. We examine the Yu-Shiba-Rusinov (YSR) bound states localized at magnetic impurities in Ising
superconductors and show that the unusual SOC manifests itself in unusually strong anisotropy in
magnetic field response of zero bias conductance peaks observable in STM experiments on impurity
sites. For a chain of magnetic impurities with moments parallel to the plane of Ising superconductors we show that the low energy YSR band can host topological superconductivity and Majorana
fermions as a direct manifestation of Ising spin-orbit coupling induced topological effects. A part
of this chapter has appeared on arXiv:1603.08909 and has been submitted to Physical Review B.
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8.1

Introduction
In the previous chapter our discussion was centered on emergent Majorana fermions occur-

ring in topological superconducting systems. A one dimensional spin orbit coupled superconductorsemiconductor heterostructure with a Zeeman field hosts Majorana fermions as end modes. This is
in fact one of the simplest proposals, where the Majorana modes can be detected via a simple tunneling experiment. A measurement of quantized conductance of 2e2 /h at zero bias voltage on this
system will confirm the existence of such an exotic quasiparticle. Though zero bias peak has been
observed in experiments, reproduction of it’s precise quantization height remains an open problem.
Another concurrent area of research is to design accessible platforms supporting Majorana modes.
In the semiconductor-superconductor heterostructure, only tunneling transport measurements can
be employed to identify Majorana modes. In some other proposals for Majorana fermions, for example the ones based on magnetic adatom chains on a host superconductor, additionally one can
also perform STM experiments to measure local density of states (LDOS), which can spatially resolve the Majorana modes. In this chapter, we shall propose one such system, which can potentially
host topological superconductivity and Majorana modes as end states.
An unusual form of Cooper pairing, called Ising pairing, has recently been uncovered in
two-dimensional superconducting states in mono- and few-layered transition metal dichalcogenides
(TMDs). TMDs are materials with a 2D honeycomb lattice similar to graphene [4, 5], but with
broken in-plane mirror symmetry, resulting in a special type of intrinsic spin-orbit coupling (SOC),
called Ising SOC [257, 258, 259, 260, 261]. Ising SOC acts like an effective Zeeman field which
strongly polarizes the electron spins perpendicular to the 2D plane of the system. This is in stark
contrast to the more familiar Rashba SOC, which constrains the electron spins to the in-plane directions perpendicular to the electron momentum, producing a two dimensional helical electron liquid.
In TMDs the spin polarization due to Ising SOC is in out-of-plane directions, but oppositely oriented
near opposite momentum space valleys centered around points (K and −K), keeping time reversal
symmetry intact, unlike in the case of a conventional Zeeman coupling. In this chapter, we describe
unusual effects of Ising SOC on superconducting TMDs [262, 263, 264, 265, 266, 267, 268] includ-
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ing predicting a topological superconducting state with Majorana fermions excitations for a chain
of magnetic impurities with moments parallel to the plane of the superconductor.
Since in TMDs the spin polarizations in opposite momentum space valleys are opposite,
Ising SOC favors inter-valley pairing, where electrons with opposite momenta and spin from valleys
centered around K and −K form Cooper pairs (Ising pairing) [266, 267, 268, 269, 270]. For
conventional spin-singlet superconductors it is well known that superconductivity is quenched under
the application of a magnetic field [271]. Ignoring orbital effects of the magnetic field, the quenching
of superconductivity is due to Zeeman coupling of the magnetic field to electron spins, and can be
estimated by equating the binding energy of Cooper pairs with Zeeman splitting (Pauli limit). In
Ising superconductivity the intrinsic SOC supports superconductivity by protecting the electrons
from alignment with external magnetic field when it is applied parallel to the plane. This has been
experimentally confirmed with recent observations of in-plane upper critical field of more than six
times the Pauli paramagnetic limit in superconducting MoS2 and NbSe2 samples [266, 267, 268]. In
this chapter we discuss the experimental signatures of the unusual Ising SOC on magnetic impurity
induced Yu-Shiba-Rusinov (YSR) bound states and the emergence of topological superconductivity
and Majorana fermions in low-lying YSR bands in two-dimensional Ising superconductors.
Magnetic impurities in superconductors can support sub-gap bound states known as YuShiba-Rusinov (YSR) states [272, 273, 274]. The mid-gap YSR bound states emerging due to
a single localized magnetic impurity located on a s-wave superconductor can give rise to a zero
bias peak (ZBP) in the local density of states (LDOS) measurement, signaling a level crossing and
change in ground state parity of the many-body wave function [275]. This transition occurs when
the impurity strength J is tuned near a critical value Jc . The YSR states are spin polarized and
therefore the ZBP can be split by an external Zeeman field which couples to the spin. Here we
show that the ZBP arising from YSR states localized at magnetic impurities located in Ising superconductors is robust to application of an unusually high in-plane magnetic field. We demonstrate
with a T -matrix calculation that Ising SOC is directly responsible for the anomalously large critical
in-plane magnetic field where the ZBP splits away from zero energy. This behavior, which correlates with the anomalously large anisotropy in upper critical fields between magnetic fields applied
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perpendicular and parallel to the 2D plane [266, 267, 268], can be tested in experiments. Moreover,
for a chain of a dilute concentration of magnetic impurities with moments parallel to the plane of
Ising superconductors, we examine the low lying YSR bands and establish the emergence of a topological superconducting phase with end-state Majorana fermions by numerical diagonalization of
the Bogoliubov de-Gennes (BdG) equations, and also a mapping on a Kitaev-like model with long
range hopping and pairing interactions. In the complementary band (or ‘wire’) limit, where the impurity orbitals of neighboring adatoms strongly overlap, the impurity chain realizes a ferromagnetic
wire with moments parallel to the plane of the superconductor. Since Ising SOC engenders a triplet
pair potential with Cooper pair spins parallel to the plane [270], in this case the ferromagnetic wire
becomes a topological superconductor (in BDI class) by proximity effect [276, 277]. This is similar
to the case of a half-metal on Ising superconductor discussed elsewhere [270]. We thus establish
Ising superconductors with magnetic adatoms as a robust platform for topological phenomena and
Majorana fermions. That moments need to be parallel to the plane is a direct consequence of Ising
SOC (which is perpendicular to the plane), in marked contrast to superconductors with Rashba
SOC where adatom moments need to be perpendicular to the plane to support topological phases
and Majorana fermions.
This chapter is organized as follows: In Section 8.2 we introduce the Hamiltonian for MoS2
as a prototype for TMD systems and examine its Fermi surface. Even though we start with a Hamiltonian (Eq. 8.2) that has only a spin-singlet s-wave order parameter, because of the spin-orbit
coupling a spin-triplet p-wave term is generated in the Green’s function of the superconductor (Eq.
8.7) [281, 282, 284, 270]. In Section 8.3 we compute the LDOS for a localized Yu-Shiba-Rusinov
state, and study its response to an external magnetic field. In Section 8.4 we discuss how a YSR
band, formed with a dilute magnetic impurity chain, can host topological superconductivity. Using
the BdG equations for a chain of magnetic atoms embedded in a host Ising superconductor, we
explicitly demonstrate the existence of Majorana fermion excitations by exact numerical diagonalization and also by mapping on the one dimensional Kitaev model. We end with discussions and
conclusion in Section 8.5.
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8.2

Hamiltonian

We start with the Hamiltonian for a representative Ising superconductor, MoS2 , which in
P
the basis Ψ†k = (c†k,↑ , c†k,↓ )T can be written as [266, 270] H = Ψ†k H0 (k)Ψk , where
k

H0 (k) = ζk σ0 + Fk σz

(8.1)

The operator ck,σ annihilates an electron with spin σ and momentum k. The function ζk =
√
t|2 cos(kx 3/2)eiky /2 + e−3iky /2 | − µ, is the non-interacting dispersion for MoS2 which generates six valley points in the first Brillouin zone [4] (K points), where ζK − µ = 0. The function
p
Fk = α(sin(kx ) − 2 cos( 3)ky /2) sin(kx /2)) is the Ising SOC term [266, 268, 270]. Importantly,
F−k = −Fk , and therefore the system lacks inversion symmetry. The nearest neighbor hopping integral t is fixed to t = 0.5eV in this paper. For all our calculations we will choose the SOC strength
α = 8meV , and µ = 0.25t [266]. Figure 8.1 shows the Fermi surface for MoS2 as obtained from
Eq. 8.1. The spin degeneracy is lifted by the Ising SOC, producing spin-polarized Fermi pockets.
Since the SOC strength changes sign near each valley, the spin splitting is also opposite at each
valley point. At valley points +K and −K, the electrons are subjected to an effective Zeeman field
in opposite directions (+αFK and −αFK ). One can approximate the low-energy Hamiltonians near
K and −K as Hk=k0 +K ≈ k02 /2m + α|FK |, where  = +1/−1, for +K/−K respectively. However, in this paper we will consider the full band structure given by Eq. 8.1 for all our calculations.
We can now write down the mean-field superconducting Hamiltonian in the presence of a
spin-singlet s−wave superconducting order parameter (∆) as:




∆σ0
 H0 (k)

Hk = 

∗
∆σ0 −σy H0 (−k)σy

(8.2)

Eq. 8.2 is written in the Nambu basis Ψ†k = (c†k,↑ , c†k,↓ , c−k,↓ , −c−k,↑ )T . For our calculations, we
will use ∆(T = 0) = 1.764kB Tc , for a fixed Tc ∼ 10K throughout in this paper [266].
We now introduce a single localized magnetic impurity with a spin S. Further, we assume
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Figure 8.1: Top panel: Fermi surface of MoS2 at µ = 0.25t in the presence of Ising SOC with
strength α = 8meV . The Ising SOC, which acts like an effective Zeeman field, generates spinpolarized Fermi pockets (‘white: spin up’, ‘black: spin down’) in the vicinity of six valley points
(K points) labeled from ‘a’ to ‘f’. Since the SOC strength changes sign at each valley, the spinsplitting is also opposite near each valley point. Bottom panel: Fermi surfaces near two valley points
‘a’ and ‘d’ have been zoomed to clearly illustrate the opposite spin-splitting occurring near these
two points.
the impurity to be purely classical. The impurity Hamiltonian, which describes the interaction
between the conduction electrons and the localized magnetic moment, can be written as [275]
Himp = −JS · (Ψ† (r = R)τ0 σ̂Ψ(r = R)),

(8.3)

where Ψ(r) is the Fourier transform of Ψk , R is the location of the impurity, and J is the exchange
strength. The Pauli matrices σ and τ act in spin and particle-hole space respectively. For simplicity,
we will set R = 0.
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8.3

YSR states and magnetic field response
Magnetic moments have pair-breaking effects on a superconducting system, and as a result

localized sub-gap excitations emerge [272, 273, 274]. This section is devoted to studying properties
of the Shiba state with a single magnetic impurity on superconducting MoS2 surface. The T -matrix
approximation is employed to compute the local density of states (LDOS) of YSR states bound
at the impurity site [275, 278]. In momentum space, the impurity potential can be written as:
P †
Himp =
Ψk0 Vk,k0 Ψk , where Vk,k0 is the scattering potential: Vk,k0 = −JSτ0 σ̂. The T -matrix is
k,k0

the solution of the following equation [275]:
T (k, k0 , ω) = Vk,k0 +

X

Vk,k00 G0 (k00 , ω)T (k00 , k0 , ω)

(8.4)

k00

In Eq. 8.4, G0 (k, ω) is the Green’s function for the clean system without the magnetic impurity.
Once the T -matrix is obtained, the Green’s function in the presence of the impurity is then given
by [275]
G(r, r0 , ω) = G0 (0, ω) + G0 (r, ω)T (ω)G0 (−r0 , ω),

where G0 (r, ω) =

P

(8.5)

G0 (k, ω)eik·r . The spin-resolved LDOS can be computed as

k

1
Nσ,r = − Im Gσ,σ (r, r, ω)
π

(8.6)

Figure 8.2a shows the zero bias peak (ZBP) in the density of states of the YSR state for a magnetic
impurity with moment perpendicular to the plane, occurring at a particular value of the impurity
exchange strength Jc . We find similar ZBPs also for magnetic impurities with moments parallel to
the plane. Though Jc depends on the material parameters, we specify that Jc = Jc (α), where α
measures the strength of the Ising SOC. Therefore in Figure 8.2, the impurity strength has to be
tuned to Jc (α) for different values of the SOC parameter to obtain a ZBP.
The effect of an external Zeeman field on these ZBPs can now be studied. Mathematically,
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the effect of an external Zeeman field can be introduced by adding the term HZ = h · στ0 to
the Hamiltonian H0 (k) in Eq. 7.4. First, we fix the impurity spin S = |S|ẑ, and therefore the
Shiba bound states are also spin-polarized along the z direction. We find the effects of an applied
Zeeman field on the impurity induced ZBPs to be highly anisotropic in the presence of Ising SOC
(see Fig. 8.2). For instance when the impurity spin points in the z direction, as shown in Fig. 8.2a,
a ZBP appears for a critical impurity strength J = Jc (α), where α is the Ising SOC strength.
As shown in Fig. 8.2b, an applied magnetic field parallel to the impurity spin, splits the impurity
induced ZBP for a magnetic field strength as low as ∼ 1 T . However as shown in Fig. 8.2c, when
the applied field is parallel to the plane of the superconductor (perpendicular to the impurity spin),
the magnetic field required to split the ZBP is as high as ∼ 32 T . In the inset of Fig. 8.2c, we also
show the extent of ZBP splitting for Bx = 32 T and α = 0. This dramatic enhancement of the
anisotropy between the effects of the magnetic field when it is applied parallel and perpendicular
to the SOC correlates well with the similar anisotropy in upper critical magnetic field seen in the
recent experiments [266, 267, 268].
Some amount of anisotropy in the magnetic field response of an impurity induced ZBP is
expected even without spin-orbit coupling. This can be qualitatively explained form a perturbative
argument. When the applied magnetic field is parallel to the impurity spin, first order corrections
due to the applied field to the energies of the YSR states are finite, and the critical magnetic field
for ZBP splitting is small. However, when the field is perpendicular to the impurity spin, given
that the YSR states are polarized in the direction of the impurity spin (in the limit of zero field),
the first order corrections to the YSR state energies vanish. In this case a larger applied field is
necessary for splitting of the ZBP due to second order effects. We see this anisotropy of magnetic
field response of the YSR states even for α = 0 by obtaining different critical fields (with ratio
∼ 1 : 8), for ZBP splitting for the field directions parallel and perpendicular to the impurity spin. In
the presence of non-zero α (∼ 8meV ), the spins are strongly polarized perpendicular to the x − y
plane and the anisotropy of the magnetic field response of the YSR states, as revealed by critical
fields of the ZBP splitting, dramatically enhances as shown in Fig. 8.2. This behavior is consistent
with a similar effect discussed in references [[266, 267, 268]] for upper critical magnetic fields of
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Figure 8.2: (color online). Spin-resolved LDOS in arbitrary units, for a system with magnetic impurity located at r = 0. For plots (a)-(c), the impurity spin is pointing in the z direction, for plot (d),
the impurity spin points in the x direction. (a) ZBP occurring at a critical value of impurity strength
Jc = Jc (α) for both spin-up and spin-down components, with α = 8meV . (b) A perpendicular
magnetic field as small as 1T begins to split the ZBP. (c) The in-plane critical magnetic field has
increased to 32T , when α = 8meV . The inset shows split ZBP at the same field when α = 0. (d)
The in-plane critical magnetic field (for an impurity spin in x direction) has increased to 25T , when
α = 8meV . Then inset shows split ZBP at the same field when α = 0. We have defined the critical
field as the value of magnetic field where the ZBP splits from ω = 0 to ω = ±0.05∆.
the superconducting states.

8.4

Topological superconductivity in sub-gap YSR band:
Motivated by recent experiments on topological superconductivity on magnetic impurity

chains embedded on a superconductor [279, 280], we wish to examine the possibility of topological
phenomena in dilute chain of magnetic impurities deposited on Ising superconductors. First we will
discuss the case of a single magnetic impurity, and then extend our discussion to an 1D array of
magnetic impurities arranged in a chain-like fashion. We begin with writing the momentum space
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Green’s function for the Hamiltonian in Eq. 8.2, which can be expressed as





G0 (k, ω) = 




ω+ζk +Fk
A+

0

∆
A+

0

0

ω+ζk −Fk
A−

0

∆
A−

∆
A+

0

ω−ζk −Fk
A+

0

0

∆
A−

0

ω−ζk +Fk
A−










(8.7)

where
A± = ω 2 − ζk2 − Fk2 ∓ 2Fk ζk − ∆2

(8.8)

In obtaining Eq. 8.7 we have used the fact that the Ising SOC function Fk is inversion asymmetric. As a result of Ising SOC, the Green’s function contains a mixture of both singlet and triplet
terms [270, 281, 282] in the superconducting order parameter, as A+ 6= A− when F (k) 6= 0.
The spin-triplet pairing correlation is given by ∆T (k, ω) = 4∆Fk ζk /A+ A− . The d-vector, which
parametrizes the spin-triplet pairing is parallel to the direction of Ising SOC.
The Bogoliubov-de Gennes equation for the superconducting Hamiltonian (Eq. 8.2) in the
presence of a single localized impurity potential (Eq. 8.3) is: (H + Himp )Ψ(r) = ωΨ(r). We will
be interested in impurity states which are deep in the gap: |ω|  ∆. The BdG equation can be
rewritten in the following form [283, 284]

(I + G0 (r = 0, ω)JSτ0 σ̂)Ψ(r = 0) = 0,

(8.9)

where G0 (r, ω) is the real space Green’s function obtained by Fourier transforming Eq. 8.7. We
need to evaluate the following integrals in order to calculate G0 (r = 0, ω) from Eq. 8.7
J0±

=

R

[d2 k] ±
; I0
A±

=

R

[d2 k]ζk
;
A±
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K0±

Z
=

[d2 k]Fk
A±

(8.10)

Figure 8.3: (color online). Energy spectrum for a single localized impurity YSR state as a function
of the impurity strength J, as obtained by numerical solution of Eq. 8.12. The inset shows the four
energy levels for a wide range of J. The main figure illustrates the two low-energy levels which
cross each other at zero energy at a certain critical value of impurity strength Jc . The spin of the
impurity is assumed to be aligned along the x-direction.
Using the above definitions and Eq. 8.7, the Green’s function G0 (r = 0, ω) takes the form G0 (0, ω) =










ωJ0+ + I0+ + K0+
0

0
ωJ0−

+

I0−

−

K0−

∆J0+

0

0

∆J0−
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0
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0

0

∆J0−

0

ωJ0− − I0− + K0−










(8.11)

From the functional forms of Fk , ζk and A± , discussed in Eq. 7.4 and Eq. 8.8, we evaluate the
integrals J0± , I0± , and K0± numerically in the limit ω → 0, to obtain G0 (0, ω). We note that
J0+ = J0− , because Fk is an odd function of k. Therefore, for a single magnetic impurity with
Ising SOC, the problem is identical to the case of a magnetic impurity in an s-wave superconductor
without SOC [284]. Due to the localized δ-function nature of the magnetic impurity potential, the
integrals involving the spin-triplet pairing terms in the Greens function vanish.
Once G0 (r = 0, ω) is obtained numerically, we can then solve Eq. 8.9 for the impurity
bound state Ψ(r = 0) (which is the YSR state). In our analysis, we limit ourselves only upto ω-
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linear terms, since we are interested in solutions which lie close to the center of the superconducting
gap. Denoting the matrix G0 (r = 0, ω)JSτ0 σ̂ in Eq. 8.9 as ωL + M (the matrices L and M
are determined numerically and are now independent of k and ω, and only depend on the material
parameters), the subgap spectrum for the YSR state is then given by [284]
−(L)−1 (I + M)Ψ(0) = ωΨ(0)

(8.12)

Eq. 8.12 can be directly solved for Ψ(0) and the energy spectrum ω. Also, Eq. 8.12 can be solved
to obtain the critical exchange strength Jc , such that when J = Jc , the YSR state spectrum admits
a solution at exactly zero energy (ω = 0). In Figure 8.3 we have plotted the energy levels as a
function of the impurity strength J, obtained by numerically solving Eq. 8.12. The figure highlights
the existence of a critical impurity strength Jc , where two mid-gap energy levels cross each other at
ω = 0. The inset of Fig. 8.3 also shows the two energy levels which are away from mid-gap region.
This mid-gap zero energy YSR bound state emerging due to a single localized magnetic impurity
located on a s-wave superconductor gives rise to a ZBP in the local density of states measurement
as discussed in Sec. III.
In order to discuss topological superconductivity, we will now consider a ferromagnetic
chain of impurities embedded on superconducting MoS2 substrate. Assuming the chain runs along
the x direction, the impurity Hamiltonian becomes

Himp =

X

[Ψ† (xi )(−JSτ0 σ̂)Ψ(xi )]

(8.13)

i

The BdG equation (Eq. 8.9, 8.12) can now be generalized to [283, 284]

(I + ωL + M)Ψ(xi ) = −

X

Iij (JSτ0 σ̂)Ψ(xj ),

(8.14)

j6=i

where Iij is the correlator Iij = G0 (xi − xj , ω) which generates an effective coupling between the
individual YSR states at impurity site xi and xj . We will work in the regime where the decoupled
impurity states occur at energies close to ω = 0. Such a condition is guaranteed to occur when the
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Figure 8.4: (color online). Top panel: Schematic diagram of a ferromagnetic impurity chain embedded on superconducting MoS2 surface, with spins pointing parallel to the plane. The effective tightbinding model can be mapped onto the 1D Kitaev model resulting in localized Majorana modes at
the two ends. Bottom panel: Energy spectrum vs. eigenvalue index for the real space BdG equation
(Eq. 8.17 written in the basis of individual YSR states), illustrating an induced superconducting gap
with two zero energy Majorana modes. On the right panel, the corresponding wavefunctions are
plotted showing localization near the edges. The number of impurity sites was taken to be N = 72,
with impurity spacing d = 4a, where a is the lattice spacing. Further, the spins of the impurities
were aligned along the x direction, and only nearest neighbor coupling between the impurity modes
was assumed.
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exchange strength is tuned near the critical impurity exchange strength Jc , as already highlighted in
Figure 8.3. Now when the coupling Iij is turned on, it hybridizes the YSR states to drift away from
ω = 0 to form a YSR band near the mid-gap. Analogous to the single impurity problem, we need
to evaluate the following integrals in order to compute Iij in the limit ω → 0 [283, 284]
R 2 ikx (xj −xi )
J1± = [d k]e A±
R 2 ikx (xj −xi ) ζk
I1± = [d k]e A±
R 2 ikx (xj −xi ) Fk
K1± = [d k]e A±

(8.15)

The coupling Iij = G0 (xi − xj , ω) is then given by
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(8.16)

In contrast to the single magnetic impurity problem discussed earlier, the presence of Ising SOC
significantly affects the BdG equations. When the Ising SOC parameter α 6= 0, J1+ 6= J1− , implying
a non-zero superconducting triplet correlation in the Green’s function G0 (xi − xj ). This feature
gives rise to a non-zero effective p-wave superconducting component as required for topological
superconductivity. The couplings Iij can been computed using numerical integration over the 2D
Brillouin zone. The BdG equation (Eq. 8.14) can then be rewritten in the following form after
evaluating the couplings in the limit ω → 0.
− (L)−1 (I + M)Ψ(xi )
X
+
(−L)−1 Iij (ω → 0)(JSτ0 σ̂)Ψ(xj ) = ωΨ(xi )

(8.17)

j6=i

This equation can now be projected on to the basis of individual YSR states, to obtain an effec133

tive tight-binding Hamiltonian which can be mapped on to a 1D Kitaev model for a topological
superconductor with long range couplings between various impurity sites [283, 284, 13].

H eff =

XX
i

h0i + hnij + ∆eff
ij

(8.18)

j6=i

The term h0i = σz τ + + µσ z τ − , where ± and ±µ ≈ 0 are the energy levels of the uncoupled
YSR states (as illustrated in Figure 8.3). These form the  band (or τ + band) and the mid-gap µ
band (or τ − band, where µ ≈ 0), in the absence of any couplings. The Pauli matrix τ now acts on
the inter -µ energy space, and σ acts on the intra -µ energy space. The term hnij is the effective
hopping integral between sites i and j, and ∆eff
ij is the induced effective superconducting parameter.
We evaluate these terms and retain couplings only upto nearest neighbor for our calculations. We
find that hni,i+1 = wτ − + vτ + , where w and v have been evaluated numerically. Furthermore,
+ +
− −
∆eff
i,i+1 = δ τ + δ τ , is the p-wave superconducting order parameter, which is also inspected

to be non-vanishing if the Ising SOC α 6= 0, and spins of the magnetic impurities lie parallel to the
MoS2 plane. Physically, this is expected because a Zeeman type field (which is generated by the
impurity spins in present case) parallel to the spin-orbit field will not create a quasiparticle gap in
the spectrum and thus will not induce topological superconductivity akin to the 1D semiconductor
Majorana wire platform.
On numerical diagonalization of the real space BdG equation (Eq. 8.17 projected onto individual YSR states), the midgap YSR states (τ − band) hybridize away from ω ≈ 0, however two
protected Majorana edge modes, and an induced superconducting gap appear in the YSR band, when
the impurity spins are aligned along the x direction. Figure 8.4 shows the energy spectrum, illustrating an induced superconducting gap with two zero energy Majorana modes, for a 1D chain of 72
sites. The corresponding wave-functions show localization near the edges of the chain. Though, for
our calculations we assumed only nearest neighbor interaction between the sites, we have checked
that the emergent topological superconductivity remains intact by including longer range hopping
and pairing terms in the effective tight-binding Hamiltonian.
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8.5

Conclusions
TMDs are materials with 2D honeycomb lattice similar to graphene, but have broken in-

plane mirror symmetry, resulting in a special type of intrinsic spin-orbit coupling, called Ising SOC.
Ising SOC acts as an effective Zeeman field which strongly polarizes the electron spins perpendicular to the 2D plane. Interestingly, the spin polarization is not constant in momentum space, but rather
changes sign across the Γ point, which gives rise to a very high in-plane critical magnetic field in superconducting TMDs [266, 267, 268]. In this chapter we showed that the magnetic field response of
STM zero bias peaks from magnetic adatoms in Ising superconductors is strongly anisotropic (with
critical Zeeman fields for ZBP splitting applied parallel and perpendicular to Ising SOC being in the
ratio ∼ 1 : 32). This behavior of YSR states, a direct consequence of Ising SOC, is of immediate
experimental interest. Furthermore, this response also correlates well with the anomalously large
anisotropy in upper critical fields between directions perpendicular and parallel to the 2D plane as
revealed in recent experiments.
Further, we show the emergence of a topological superconducting phase in the impurity
YSR band for a dilute concentration of magnetic impurities arranged in a chain-like configuration
with moments parallel to the plane of the superconductor. In the topological superconducting phase,
zero energy Majorana fermions appear at the ends of impurity chain and can be accessed by scanning
tunneling microscopy experiments as in the recent experiments on chains of Iron impurities on
spin-orbit coupled Pb superconductor [279]. In contrast to the case of the Pb superconductor we
find that in order to support a topological superconducting phase the magnetic moments of the
impurities embedded in Ising superconductors need to be parallel (or have a parallel component) to
the plane of the superconductor. This is a direct consequence of Ising SOC which consists of an
effective k-dependent Zeeman field perpendicular to the 2D plane. That the direction of the SOC
should be transverse to the direction of the Zeeman field (which in the present case is given by the
magnetic moments) for the existence of the topological superconducting phase is also true in the
models of topological superconducting phase in spin-orbit coupled superconductor-semiconductor
heterostructures [230, 232, 234, 233].
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In this chapter we considered the limit of dilute concentration of impurities embedded in
the Ising superconductor. In the complementary band (or ‘wire’) limit, the impurity chain realizes
a topological superconductor (in BDI class) by proximity effect [276, 277], similar to the case of
a half-metal [270]. We thus establish Ising superconductors with magnetic adatoms with moments
parallel to the host superconductor as a robust platform for topological superconductivity and Majorana excitations which can be probed in STM experiments.
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Chapter 9

Conclusions
This thesis was based on topological condensed matter systems which host novel quasiparticles like Dirac fermions, Majorana fermions, Weyl fermions. Non-trivial topological features
of these systems are manifested as anomalous transport responses, which can be directly tested in
experiments. We examined some response properties of these systems such as the optical activity,
Nernst effect, polar Kerr effect, and differential tunneling conductance. We also proposed a superconducting MoS2 as a potential platform for realizing topological superconductivity which can host
Majorana fermions. Below we will briefly summarize the results of each chapter.
In Chapter 1, we introduced the Dirac equation and its relevance in condensed matter systems. We also discussed how Dirac points can arise in solid-state systems, and the physical meaning
of Dirac, Weyl, and Majorana fermions in condensed matter. Furthermore the concepts of topological Weyl semimetals, and topological superconductors were also discussed. In Chapter 2, we
discussed chiral magnetic effect in a Weyl semimetal, and established a direct relation between the
dynamic chiral magnetic effect and the optical gyrotropy for inversion symmetry breaking WSMs.
We suggested the natural optical activity or the rotary power for the transmitted light as a direct
evidence for the existence of the dynamic chiral magnetic effect for inversion asymmetric WSMs
such as TaAs and NbAs.
In Chapter 3 we studied the Nernst response of a TR broken Weyl semimetal. Starting
with the semi-classical Boltzmann approach to linear transport in a system, we first derived the
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expressions for charge and thermal conductivities in the presence of a perturbative magnetic field
and a temperature gradient orthogonal to each other, for a generic band Hamiltonian which has
a non-trivial flux of Berry curvature. We found that the total contribution to the Nernst signal
comprises of two parts: a B-dependent response, and a purely anomalous response. We derived
analytic expressions for the Nernst coefficient in a linearized Dirac and Weyl Hamiltonian, and also
computed the total Nernst response for a lattice model of Weyl fermions numerically. Additionally,
we also examined the magneto-thermal conductivity of a WSM, and found that for parallel setup an
additional B 2 dependence of the Lorenz number arising from the chiral anomaly term.
In Chapter 4 we considered a topological DSM with a pair of Dirac nodes on a high symmetry axis, which is an appropriate description of the experimentally realized Dirac semimetal Cd3 As2 .
For this system we computed the total Nernst coefficient in the presence of a small finite magnetic
field ( a few Tesla) and small chemical potential, within the Boltzmann description in the relaxation
time approximation. We found that the conventional Nernst response is typically small due to Sondheimer cancellation, and can be of either sign. In contrast, the anomalous Nernst response is large
and positive because of the peaking of the Berry curvature in the limit of small chemical potentials
and due to the absence of Sondheimer cancellation. The measured Nernst coefficient was found to
be dominated almost entirely by the anomalous Nernst effect, at least in the limit of small temperatures. Further we showed that at low temperatures, the behavior of the total Nernst coefficient is
characterized by an almost step like profile at B = 0.
In Chapter 5, we studied Nernst response in the normal state of high-Tc cuprates i.e, in
the absence of superconductivity when a large magnetic field is applied, but in the presence of a
bi-directional BDW order with wave-vectors Q1 = (2π/3, 0) and Q2 = (0, 2π/3). We observed
reconstruction of the Fermi surface from being large hole-like at higher doping to the appearance
of small Fermi pockets, and numerically calculated all three thermoelectric transport coefficients,
namely the Hall, Seebeck and Nernst coefficients, in the semi-classical Boltzmann approximation.
At the temperature scale T < TBDW , we observed a negative Nernst coefficient in the underdoped
regime, consistent with experimental studies. In Chapter 6 we considered the polar Kerr response
from a topological chiral DDW state in the light of bilayer cuprates. Our model and calculations
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presented were consistent with the unusual polar Kerr effect observed in high-Tc materials.
In Chapter 7 we discussed the dI/dV spectra using a SC lead of a spin-orbit coupled SMSC heterostructure nanowire. We considered different set of physical parameters including and
concluded that in a finite wire the Majorana splitting energy ∆E, which shows an oscillatory dependence on physical parameters remains responsible for the dI/dV peak broadening, even when
the thermal effects are suppressed by SC gap in the lead. In Chapter 8 we showed that the magnetic
field response of STM zero bias peaks from magnetic adatoms in Ising superconductors is strongly
anisotropic and is a direct consequence of Ising SOC. Further, we demonstrated the existence of a
topological superconducting phase in the impurity YSR band for a dilute concentration of magnetic
impurities.
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